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Preface

We are probably witnessing a golden age of Cosmology. The reason is
that, for the very first time, we have the sufficiently developed technology
to design and perform experiments that allow us to observe the Universe
on large scales with great precision. Moreover, the accurate measure-
ments provided by these observations enable us to test our theoretical
models about the composition, structure and evolution of the Universe so
that we can advance in our understanding of the Cosmos. Nonetheless,
the advances that Cosmology has undergone in recent years are not exclu-
sively due to the technological progress, that has allowed high precision
observations, but dramatic improvements have also been made in theo-
retical Cosmology in order to incorporate the enormous amount of obser-
vations that we have available nowadays. It is remarkable the case of the
cosmological perturbations theory that includes many different physical
processes and that successfully accounts for the observed power spectrum
of the Cosmic Microwave Background (CMB) radiation and the hierarchy
of structures present in the matter distribution, providing us with a large
amount of very valuable cosmological information.

In spite of all the advances in the cosmological observations and the
corresponding refinements of our theoretical models, we still have to deal
with some mysterious features of the Universe on large scales. Apart
from the dark matter problem, the most intriguing one appeared when
distant supernovae measurements revealed that the expansion of the Uni-
verse is currently speeding up, rather than being decelerating as it would
correspond to a universe filled with matter and in which gravity would
be described by General Relativity. Such a discovery seemed to indicate
the presence of some sort of antigravity on large scales that would tend
to push the matter apart. Surprisingly, the simplest explanation to this
problem turned out to be the introduction of a cosmological constant
like the one discarded by Einstein when the expansion of the Universe
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was discovered. However, the cosmological constant happened to be un-
comfortable from a theoretical point of view because, in order to fit the
observations, it should have an extremely tiny value as compared to the
Planck mass, which is the scale already present in the gravitational ac-
tion. Thus, if the cosmological constant was a true constant of nature,
the gravitational theory would contain two dimensional constants diffe-
ring by many orders of magnitude. For that reason, cosmologists started
considering the possibility that the cosmic acceleration was not caused by
the presence of a cosmological constant, but it was an effect due to the
existence of a new component which would dominate the Universe con-
tent on large scales and that could evolve in time. This new component
was generally called dark energy and will play a central role in this thesis.
In order to explain this dark component, many different theoretical mo-
dels have been proposed to date, although none of them seems to offer
a satisfactory alternative. The most popular ones are those based on the
introduction of a new scalar field on cosmological scales in the presence
of a certain potential. The problem with these models is that they require
either the introduction of an unnatural scale in the potential or to fine
tune the initial conditions in order to give rise to accelerated expansion
today. Moreover, not only models based on the introduction of a new
field have been considered to explain the cosmic acceleration, but also
modifications of General Relativity on large scales have been proposed.

The Standard Model of Cosmology, in which dark energy is assumed
to be a pure cosmological constant, is based on the assumption, sup-
ported by matter distribution and CMB observations, that the Universe
is homogeneous and isotropic on large scales. However, recent cosmo-
logical observations have suggested that such an assumption could be
inappropriate. Thus, the CMB temperature fluctuations present a certain
alignment for the lowest multipoles with a high significance that might
be signaling the presence of a preferred spatial direction in the Universe.
Also the observations of large scale matter bulk flows whose amplitude
could conflict with the predictions of the Standard Model of Cosmology
could be indicating the existence of a privileged direction which would
spoil the isotropy assumption. These measurements might indicate that
any of the components present in the Universe could exhibit some vector
properties. In this thesis we shall explore the possibility that such a vector
character could be attributed to the dark energy component. Moreover,
also from a pure theoretical point of view, considering a vector nature for
dark energy is well-motivated because vector fields are already present
in the description of fundamental interactions in nature as carriers of the
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gauge interactions, so that one could expect the presence of vector fields
over cosmological scales that could play an important role for the evolu-
tion of the Universe.

The thesis will be organized in the following way. In the first Chapter,
we shall introduce the basic concepts of Modern Cosmology and present
the main features of the Standard Model of Cosmology. We shall pay
especial attention to the cosmic acceleration problem to show how it has
become firmly established by means of a variety of cosmological observa-
tions. Moreover, we shall summarize the main theoretical proposals for
dark energy that have been considered in the literature.

After having shown why the existence of a current phase of accelera-
ted expansion is broadly accepted according to the observations, we shall
move on to explore potential vector properties of dark energy. Since the
actual reason why the expansion is speeding up remains unknown, we
shall assume that, as the rest of components, dark energy can be effec-
tively described by a perfect fluid. However, we shall provide it with a
vector property by allowing for a relative motion with respect to matter
and radiation. We shall adopt this description in the second Chapter of
this thesis and we shall study the potential effects on the CMB tempera-
ture fluctuations because of having different rest frames for dark energy
and for the rest of components.

Once we have considered that dark energy could be moving with re-
spect to matter and radiation, we shall explore the possibility of describ-
ing the cosmic expansion within the context of a particular class of grav-
itational theories, called vector-tensor theories, in which, in addition to
the usual metric field, we have a vector field non-minimally coupled to
the metric. Chapter 3 will be devoted to the study of the cosmological
evolution in a general vector-tensor theory. The interest of these theories
is that, as we shall show, they have solutions with accelerated expansion
so that the vector field might actually play the role of dark energy. In fact,
we shall identify those theories in which isotropic accelerated expansion
can be realized.

In Chapter 4 we shall investigate the viability conditions for general
vector-tensor theories attending to their compatibility with local grav-
ity tests and the absence of instabilities. The procedure will be to iden-
tify those models which are indistinguishable from General Relativity by
means of Solar Systems experiments and, then, check whether they have
instabilities, both at the classical and quantum level.
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In the last two Chapters of the thesis we shall present two specific dark
energy models based on vector fields which allow to avoid the natural-
ness or fine-tuning problems that plague most of the dark energy models.
In the first of them we can avoid these problems thanks to a scaling be-
havior of the vector field in the early Universe. For the second model, we
shall resort to a modification of electromagnetism to explain the cosmic
acceleration in which naturalness problems can also be evaded. We shall
show that the usual covariant quantization method of the electromagnetic
field is difficult to realize in an expanding universe. We shall propose a
new consistent quantization method that avoids those difficulties and that
introduces an extra electromagnetic degree of freedom. This new mode
can be excited during an inflationary era and gives rise to an effective
cosmological constant on large scales.

Finally, we shall summarize the main contributions made in this the-
sis. In particular, we shall compare our results with the already existing
proposals and comment on some prospects concerning future potential
investigations.

Madrid, November 2009



Chapter 1

The Standard Model of
Cosmology

1.1 Introduction

Before proceeding with the central topic of the thesis, it seems quite con-
venient, in addition to be a good starting point, to present the state-of-art
in Modern Cosmology, so that the research activity performed through-
out the thesis is appropriately contextualized. To that end, we shall start
by explaining the two basic pillars that support the Standard Model of
Cosmology, namely the Cosmological Principle and General Relativity,
and show how they give rise to the Hot Big Bang model describing the
evolution of our Universe since the Planck era up to now. We shall go
through its different phases, paying special attention to the most relevant
events that have led to the current composition of the Universe that we
can observe today.

After having presented a brief review of the Universe composition
and evolution in the Standard Model, a major part of the Chapter will be
devoted to the main topic of this thesis, namely the dark energy compo-
nent. We shall explain why dark energy is so fundamental in order to
understand the supernovae measurements and what other sorts of cos-
mological observations performed to date support the idea of a current
phase of accelerated expansion. We shall see how several data sets com-
ing from different observations converge towards a model in which the
Universe is about one quarter of matter and three quarters of dark energy.

Since the discovery of the cosmic acceleration, an enormous amount
of different models has been proposed trying to explain it. The appear-
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ance of so many models is essentially motivated by two reasons. The first
one is that, even though a simple cosmological constant has the ability of
explaining almost all the cosmological observations, it suffers from some
problems from the theoretical point of view so that it is necessary to ex-
plore alternative explanations. The second reason is that, in the Standard
Model, we already had an era of accelerated expansion during inflation
so that we can adapt the existing inflationary models in order to explain
the present cosmic acceleration. Once again, since we shall be investi-
gating on dark energy throughout this thesis, we shall explain some of
the most popular models that will enable us to show how the results of
the thesis can help to have a better understanding of such an unknown
components and why the models proposed here introduce improvements
with respect to other already existing models in the literature.

Finally, this Chapter will also be useful in order to set most of the
notation and conventions used in the rest of the thesis. This is especially
necessary in cosmology because of the existence of several conventions
which may appear as overall minus (or plus) signs as well as some global
numerical factors in the final results that might cause some confusion.

1.2 Theoretical Framework

The Standard Model of Cosmology gives a simple and accurate under-
standing of the whole (observable) Universe as we see it today. The start-
ing point is the Cosmological Principle, which establishes the symme-
tries of the Universe on very large scales to be isotropy and homogeneity.
Physically, it means that there are neither privileged places nor preferred
directions in the Universe so that it will appear the same to any observer.
Although it was initially postulated (probably for philosophical reasons)
as a principle of modesty in the sense that it implies that the Earth does
not occupy a privileged place in the Universe, nowadays it has been ex-
tensively confirmed by numerous cosmological observations. The lack of
privileged directions can be seen in the Cosmic Microwave Background
(CMB) radiation where departures from pure isotropy can only be found
at the level of one part in one hundred thousand. However, this is only
true once the dipole contribution is removed, which is justified in Stan-
dard Cosmology because it is usually ascribed to our relative motion with
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respect to CMB photons 1. On the other hand, the current galaxy surveys
comprising more than 250.000 galaxies like the 2 Degree Field Galaxy
Redshift Survey (2DFGRS) or around one million galaxies like the Sloan
Digital Sky Survey (SDSS) show the high homogeneity of the galaxies
distribution in the Universe on scales beyond ∼ 1 Gpc (see Fig. 1.1).

Figure 1.1: In these figures we can see the observational support of the Cosmological
Principle. In the left figure it is shown the CMB temperature anisotropies as first discov-
ered by the COBE satellite. In the upper panel we see the highly isotropy present in the
temperature distribution of the CMB, in the middle panel we see the 10−3 anisotropy
corresponding to the dipole and that is usually attributed to a kinematical effect which,
once it is removed, leads to the characteristic 10−5 anisotropies of the CMB shown in
the lower panel. In the right figure, we show the 2dFGRS galaxy survey supporting the
large scale homogeneity of the Universe.

The other key ingredient present in the Standard Model is the use of
General Relativity (GR) as the theory describing the gravitational inter-
action, which is the most relevant force when dealing with problems on
cosmological scales. Such a theory describes gravitation as a curvature
effect of the spacetime where the physical processes take place in such
a way that its energy content determines the curvature of the spacetime
whereas the curvature of the spacetime determines the trajectories of the
particles2. Following the modern approach of building a physical the-
ory by establishing the fields content and a set of symmetries, GR can be
seen as the theory describing a spin two field (the graviton) and which is
invariant under diffeomorphisms and local Lorentz transformations, i.e.,

1In Chapter 2, we shall show how such a dipole contribution might actually have a
cosmological origin.

2John Wheeler said at this respect: Matter tells spacetime how to bend and spacetime
returns the complement by telling matter how to move.
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physics does not depend on the way that we use to describe it. Actually,
GR is only the simplest theory of a wide class of theories with such fields
content and symmetries. However, if we require the gravitational theory
to describe a pure spin two particle, then GR is the theory we are looking
for. In some sense, GR is the analogous for a spin two particle to Maxwell
electromagnetism for a spin one particle.

We should note that General Relativity gives a twofold description
of gravity. Firstly, it states that the physical processes take place in a
dynamical 4-dimensional manifold and that the physical laws must be
expressed in terms of tensors defined on such a manifold. And secondly,
it relates the dynamics of the manifold metric to its energy content by
means of Einstein equations3:

Gµν ≡ Rµν − 1
2

Rgµν = 8πGTµν (1.1)

where G is the Newton constant, Gµν is the Einstein tensor, Rµν the Ricci
tensor, R = gµνRµν the scalar curvature and Tµν is the energy-momentum
tensor of the fields contained in the spacetime. Formally, these equations
can be obtained from the Einstein-Hilbert action:

S = −
∫

d4x
√−g

R
16πG

+ Sm (1.2)

where Sm is the action corresponding to the fields present in the space-
time so that Tµν ≡ 2√−g

δSm
δgµν . In the equations (1.1) we have the anticipated

interplay between the geometry of the spacetime and its material content.

In the gravitational sector, it is possible to introduce a constant term
so that the total action becomes:

S = −
∫

d4x
√−g

(
R

16πG
+ 2Λ

)
+ Sm (1.3)

where Λ is the so-called cosmological constant. Then, Einstein equations
become:

Rµν − 1
2

Rgµν = 8πG(Tµν + Λgµν) (1.4)

and we can interpret the cosmological constant as a component whose
energy-momentum tensor is proportional to the metric tensor.

3We set the speed of light c = 1.
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1.3 Basics of FLRW universe

The geometry of the Universe can be established from the symmetries
imposed by the Cosmological Principle. According to it, the metric of the
Universe must belong to the class:

ds2 = dt2 − a(t)2
[

dr2

1− kr2 + r2
(

dθ2 + sin2 θdφ2
)]

, (1.5)

known as Friedmann-Lemaître-Robertson-Walker (FLRW) metric. In this
expression, a(t) is called the scale factor and k determines the curvature
of the spatial sections, which can be open (k < 0), flat (k = 0) or closed
(k > 0).

It is usual to describe the content of the Universe on very large scales
by means of an ideal perfect fluid as the source of the energy-momentum
tensor so that:

Tµν = (ρ + p)uµuν − pgµν, (1.6)

with ρ the energy density as measured by a comoving observer, p the
pressure and uµ the 4-velocity of the observer. We can see that, for a
fluid with ρ + p = 0, the energy-momentum tensor is proportional to the
metric tensor so that the latter expression also comprises the case of a
cosmological constant.

Einstein equations for the FLRW metric in the presence of the latter
energy-momentum tensor give rise to the following set of equations:

H2 =
8πG

3
ρ− k

a2 , (1.7)

Ḣ = −4πG(p + ρ) +
k
a2 , (1.8)

where H = ȧ/a is the so-called Hubble expansion rate and a dot stands
for derivatives with respect to cosmic time t. The first equation is known
as Friedmann equation and gives the expansion rate in terms of the to-
tal energy density and curvature of the Universe. If we eliminate the
curvature term from the two previous equations we obtain:

ä
a

= −4πG
3

(ρ + 3p), (1.9)

which shows that the expansion of the Universe only accelerates when-
ever ρ + 3p < 0 holds. In particular, a cosmological constant having
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pΛ = −ρΛ satisfies this condition. Moreover, the content of the Universe
also determines its geometry to be flat, open or closed. This is easily seen
from Friedmann equation evaluated at present time, which can be written
in the form:

Ω + Ωk = 1 (1.10)

known as the cosmic sum rule. In this expression we have introduced
the density parameters Ω = ρ/ρcr and Ωk = k/(aH0)2 with the critical
density defined as ρcr = 3H2

0/(8πG), being H0 the Hubble parameter
today. Hence, we have that depending on whether the energy density
is larger, equal or smaller than the critical density, the geometry of the
Universe is spatially closed, flat or open respectively.

The conservation of the energy-momentum tensor for the perfect fluid
yields the continuity equation:

ρ̇ + 3H(ρ + p) = 0. (1.11)

This equation is not independent of Einstein equations, but a consequence
of Bianchi identities. If the fluid happens to satisfy a barotropic equation
of state of the form p = wρ with w constant, the continuity equation can
be easily integrated to give:

ρ = ρ0a−3(1+w). (1.12)

According to these solutions, we have that the energy density of a ra-
diation fluid (w = 1/3) decays as a−4, whereas that of a pressureless
component (w = 0) evolves as a−3. Moreover, a fluid with equation of
state w = −1 (like that of a cosmological constant) has constant energy
density. These solutions for the evolution of the energy densities allow
to write the Friedmann equation corresponding to a universe filled with
matter and radiation and in the presence of a cosmological constant as
follows:

H2

H2
0

= ΩRa−4 + ΩMa−3 + Ωka−2 + ΩΛ (1.13)

where we have used the definition of the density parameters given above.

If the Universe is dominated by one single component with equation
of state w and we neglect the contribution from the spatial curvature, we
can integrate the Friedmann equation to obtain the scale factor:

a = a0t
2

3(1+w) , (1.14)
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and, therefore, the Hubble parameter is given by:

H =
2

3(1 + w)t
. (1.15)

Thus, in the presence of a radiation fluid we have that a ∝ t1/2 and H = 1
2t

whereas for a matter component we have a ∝ t2/3 and H = 2
3t .

In the following, we shall show how to calculate distances in a FLRW
universe. To that end, it is convenient to introduce a new radial coordi-
nate χ defined by the equation

dχ2 =
dr2

1− kr2 (1.16)

in terms of which the line element reads:

ds2 = dt2 − a2(t)
[
dχ2 + S2

k(χ)
(

dθ2 + sin2 θdφ2
)]

(1.17)

with Sk(χ) = r(χ). According to (1.16), this function is given by

Sk(χ) =
1√
k

sin
(√

k χ
)

(1.18)

which happens to be Sk(χ) = sin χ, χ, sinh χ for k > 0, k = 0 and k < 0
respectively. The null geodesics of this metric along the χ direction are
obtained from the condition ds2 = dt2 − a2(t)dχ2 = 0 and, for a geodesic
starting from the origin, we obtain:

χ =
∫ t

t0

dt̂
a(t̂)

=
∫ a

a0

dâ
â2H2(â)

(1.19)

where we have used that ȧ = aH. Thus, the comoving distance r = Sk(χ)
is given by:

r(a) =
1√
k

sin
(√

k
∫ a

a0

dâ
â2H2(â)

)
. (1.20)

This expression can be related to the content of the Universe by means of
Friedmann equation so that the measurement of known sizes at different
epochs will give clues about the actual composition of the Universe. This
is helpful because if we know the size of some physical scale in the Uni-
verse at some particular time, we can measure that same scale at other
epochs and, from those measurements, infer the expansion history of the
Universe. Finally, another useful quantity is the so-called luminosity dis-
tance, which is given by:

dL(a) =
1
a

r(a) =
1

a
√

k
sin

(√
k

∫ a

a0

dâ
â2H2(â)

)
. (1.21)
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1.4 The Standard Model

The most accepted idea in Cosmology about the composition of the Uni-
verse today is that it is made of about 4% of baryons, 23% of dark matter
and 73% of dark energy, being the contribution of radiation negligible
∼ 0.001% and the spatial geometry of the Universe very approximately
flat. Such a cosmic inventory is obtained from observations of different
sources (that we shall discuss later on) within the context of the ΛCDM
model in which the Universe is currently dominated by a cosmological
constant term and a cold dark matter component. However, because the
different components evolve according to (1.12), as we go back in time we
find an intermediate period of matter domination and that the early Uni-
verse was dominated by radiation. This fact leads to the idea of the Hot
Big Bang theory, which states that the Universe started in an extremely
hot and dense state. From that initial state on, the Universe began to
expand and cool down and, at some point, it underwent a period of ac-
celerated expansion known as inflation. The precise physical mechanism
driving the inflationary era is not very clear yet, although the important
feature of such a phase is that it smooths out the Universe and connect
causally regions of the Universe which otherwise would be disconnected.
This period in the early Universe is needed in order to explain some of the
observations of our Universe. First of all, it explains why the Universe ap-
pears so homogeneous and isotropic given that some regions would have
never been causally connected in the absence of inflation. Second of all,
it gives an origin for the near flatness of our Universe, which otherwise
would require an enormous fine-tuning in the initial conditions, since the
flat solution of Einstein equations happens to be unstable. Finally, it pro-
vides a mechanism for the generation of the density fluctuations leading
to the structures that we observe today.

After inflation, we end up with a Universe which is essentially empty
and very cold, with all the available energy stored in the inflaton field.
This energy is transferred into heat in a process called reheating in such
a way that the Universe becomes hot again and filled with the particles
of the Standard Model of Elementary Particles (leptons, quarks, photons,
gluons, Z’s and W’s) and, perhaps, some other unknown particles. When
the Universe becomes cool enough, quarks are no longer free and they
confine forming hadrons. Meanwhile, the Universe continues expand-
ing and getting colder and, when the temperature is 109 K, the lightest
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Figure 1.2: In this figure we show the CMB temperature power spectrum (left
panel [1]) and the matter distribution power spectrum (right panel from SDSS
[2]) for the ΛCDM model as well as the results obtained from several experi-
ments. We see how both spectra are in good agreement with the observations,
supporting our current vision of the Universe.

nuclei4 can form. This process is known as primordial Big Bag Nucle-
osynthesis (BBN) and is the responsible for the relative abundance of
light elements in the Universe. When the Universe is ∼ 300.000 years old,
matter starts driving the expansion and, after 380.000 years since the Big
Bang, the light nuclei can bound the electrons so that photons can propa-
gate freely, i.e., the Universe becomes transparent. This moment is called
the decoupling time and it forms the last scattering surface as seen from
our position today because it is the time when photons were scattered by
electrons for the last time. Moreover, these are the photons that we can
see today in the CMB radiation. After the decoupling time, stars, galaxies
and all the structures that we see today in the Universe can start forming
because of the gravitational collapse of the small inhomogeneities exist-
ing in the matter distribution. However, the gravitational collapse of the
baryons fluid by itself is not strong enough for such structures to have
been able to form since decoupling time until today. For that reason, we
need to assume that a dark matter component became decoupled from
photons before baryons did so that its gravitational collapse started ear-
lier and, thus, it can enhance the subsequent formation of structures for
the baryons. Moreover, the dark matter component must be cold for its
gravitational collapse to be able to take place.

4Others than 1H which, obviously already existed since the confinement of the
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Figure 1.3: Cosmological parameters obtained by the WMAP5 team
for a ΛCDM model. This table has been taken from the website
http://lambda.gsfc.nasa.gov/, where the cosmological parameters correspond-
ing to the combination of different datasets and for different theoretical models
can be found.

Finally, at recent epochs, the Universe has entered into a phase dom-
inated by some kind of exotic energy that leads to an accelerated ex-
pansion analogous to that experimented in the inflationary era. In the
Standard Model, the current accelerated expansion is attributed to the
presence of a cosmological constant whose energy density is constant
throughout the expansion history of the Universe. This sort of contribu-
tion can be effectively interpreted as a perfect fluid having equation of
state p = −ρ. However, one should be aware that such an equivalence
only holds for the homogeneous regime, since, unlike a pure cosmolo-
gical constant, a perfect fluid will typically give rise to inhomogeneous
perturbations. The drawback of the cosmological constant, even though
it is in agreement with most of the cosmological observations (for this

quarks.
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reason it is usually called the concordance model), it suffers from some
theoretical problems. The first of them has to do with the smallness of
the cosmological constant whose scale is given by Λ ∼ (10−3 eV)4, that
should be compared to the Planck mass scale MP ∼ 1019 GeV. This is also
called the naturalness problem because a theory containing two dimen-
sional constants which differ in so many orders of magnitude does not
seem to be very natural. Another problem with the cosmological constant
is that it seems somehow surprising that its energy density is compara-
ble to that stored in matter form precisely today, when they have evolved
very differently in the past. Thus, although this could be just a coincidence,
there could also be some hidden physical reason behind it.

1.5 Dark Energy

Since this thesis will be devoted to the study of different aspects and
models for dark energy, it is appropriate to discuss here the current ob-
servational status of such an unknown component as well as to present a
brief review of the most popular models proposed to so far account for it.
It is worth indicating that, even though the first signals pointing out that
our Universe is undergoing an accelerated expansion came about from
supernovae measurements, there are other independent indicators of this
phenomenon (as we shall show) so that it would be somehow surprising
if all of them were affected by some kind of systematics which would
make us believe that our Universe (at least our local patch) is accelerating
when actually it is not. Therefore, even though we still do not know the
true mechanism behind the cosmic acceleration, it is broadly accepted in
Cosmology that the expansion of our Universe is truly speeding up and,
indeed, this poses one of the greatest mysteries in fundamental physics.

Despite the enormous effort made to date, it is not very clear yet
whether the accelerated expansion of the Universe is due to the presence
of some unknown field or it is actually signaling the breakdown of GR on
cosmological scales. An additional difficulty for such a distinction arises
because one cannot discard any of them just by means of geometrical tests
measuring uniquely the expansion history of the Universe. To clarify this
issue, let us imagine that the true culprit responsible for the accelerated
expansion is a new gravitational theory that modifies GR on large scales.
This new theory will yield a new term on the LHS of Friedmann equation
that can be moved to the RHS and be interpreted as the energy density
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of a new field. For that reason, the study of the perturbations of the dark
energy fluid is a crucial piece to understand the cosmic acceleration since
it can help to discriminate between the two approaches. However, the
effect is typically small because dark energy has become dominant only
very recently so that we need cosmological observations of great accu-
racy. Indeed, this is one of the goals of the next generation of satellites
and ground based observations as well as the use of alternative probes,
like the weak lensing that will be more sensitive to the presence of dark
energy perturbations.

1.5.1 Observational evidences

The first clue of the accelerated expansion of the Universe came about
from observations of distant Type Ia supernovae (SNIa) in 1998 by two
independent groups, leaded by Riess [3] and Perlmutter [4] respectively.
The unexpected finding was that those supernovae seemed to be fainter
than expected. Some authors suggested that this could be due to the ex-
tinction produced by the presence of some grey dust or the evolution in
time of the supernovae rather than being signaling a true cosmic accel-
eration [5, 6], although subsequent SNIa surveys extended up to z ' 1.8
favored the idea of the accelerated expansion over the alternative explana-
tions [7]. Since then, the presence of a dark energy component in the Uni-
verse has been widely supported by more accurate SNIa observations and
also by other independent cosmological sources of information like CMB
or Large Scale Structures (LSS) that, providing transverse constraints, al-
low to break the degeneracy of the cosmological parameters obtained
when considering SNIa measurements uniquely. In this Section, we shall
discuss how the different observations support the idea of dark energy.

Type Ia supernovae

These standard candles represent the most direct evidence for the exis-
tence of a transition from a period of decelerated expansion to a late-time
phase of accelerated expansion. Although they are not exactly standard
candles, their luminosity curves can be described with a few parameters
so that they can be standarized and, thus, are excellent tools to measure
cosmological distances. The procedure consists of comparing the mea-
sured apparent magnitude of the SNIa (once it has been standarized) with
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the theoretically expected one, which is given in terms of the luminosity-
distance relation by:

m = 5 log10 dL(z; ΩM, ΩDE, w(z)) +M(M, H0) (1.22)

where dL = (1 + z)r(z; ΩM, ΩDE, w(z)) is the luminosity-distance already
defined in (1.21) and M ≡ M − 5 log10(H0 Mpc) + 25 is the parameter
to be constrained by nearby SNIa, i.e., it is determined by the calibration
of the supernovae. Here M represents the absolute magnitude of the su-
pernovae, defined as its apparent magnitude as seen from 10 Mpc. Thus,
we can obtain a direct determination of the cosmological parameters by
comparing the theoretical apparent magnitude with the observed one.
However, since the comoving distance exhibits some degeneracy, in the
sense that different values of the cosmological parameters can lead to the
same luminosity-distance value, the SNIa cannot determine the precise
values of the cosmological parameters by themselves, being necessary to
resort to some complementary measurements. Fortunately, we have other
sources of cosmological information which break the degeneracy.

CMB

One might think that, since the CMB is a snapshot of the Universe at a
time when dark energy was negligible, little knowledge concerning dark
energy can be gained from it. However, the positions and amplitudes
of the acoustic peaks in the CMB power spectrum provides us with an
extremely useful information about the cosmological parameters. In par-
ticular, if we assume a dark energy model with w close to −1, then the
position of the first acoustic peak constrains the spatial curvature of the
Universe to be very nearly flat5. In any case, the CMB provides informa-
tion on the allowed values of ΩM and Ωk in such a way that constraints on
the combination ΩM + ΩDE can be obtained. It is worth mentioning that
the CMB alone is not able to constrain the total amount of matter ΩM, but
in combination with independent measurements of H0 or it indicates that
matter can only account for about one quarter of the total energy density
of the Universe so that a missing component is needed to accomplish the
flatness suggested by the position of the first acoustic peak.

5It is usually said that the position of the first peak is given by ` ' 200Ω−1/2
0 . How-

ever, this formula is only approximately valid when ΩDE = 0, which is far from the
realistic case. We can find an analytical expression for the dependence of the first peak
position on the background density parameters in [9].
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Figure 1.4: In this plot we show the constraints obtained in [8] from different
data sets (SNIa, BAO and CMB) for a ΛCDM model (left panel) and for a model
with dark energy having constant equation of state w (right panel).

LSS

The growth of matter perturbations is affected by dark energy through
the expansion rate of the Universe. When the Universe becomes neutral
at recombination and baryons can start collapsing towards the overdense
regions, we have two competing mechanisms. On one hand, the baryons
tend to form structures as a consequence of the gravitational collapse
and, on the other hand, the expansion of the Universe tends to break the
collapse, effectively acting as a damping agent. The relative importance
of the two effects depends on the ratio of the timescale for the perturba-
tions to grow and the damping time, which will be driven by the Hubble
expansion rate. The interesting feature is that, while in a pure matter
dominated universe the perturbations of matter tend to grow proportion-
ally to the scale factor, once the accelerated expansion starts the linear
perturbations does not grow anymore. Therefore, by studying the distri-
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bution of galaxies on large scales one can extract information about the
expansion history of the Universe.

On the other hand, the distribution of galaxies provides us with a
standard ruler, i.e., a physical scale whose comoving size is known at a
specific time. This standard ruler has its origin in the sound waves prop-
agating in the primordial plasma of the Universe before recombination.
These waves are produced in the early Universe because of the presence
of the attracting gravitational interaction and the repulsion produced by
the pressure of the photons, which compete among them and give rise to
the oscillations in the plasma that produce the waves. These oscillations
are present as long as photons and baryons are coupled, but, once they
decouple, the oscillations disappear. Therefore, it is expected to find a
larger correlation of galaxies at scales corresponding to the last scattering
surface in the matter distribution. Then, if we measure this scale at several
redshifts we can obtain information about the evolution of the Hubble pa-
rameter. These Baryon Acoustic Oscillations (BAO) were detected by the
Sloan Digital Sky Survey [10, 11] and they could measure them at two dif-
ferent redshifts z = 0.24 and z = 0.35. These measurements again, favor
a universe with a transition to an accelerated expansion at late times. The
same result has been found in the papers [12, 13] by studying the baryon
acoustic peak along the line-of-sight.

Age of the Universe

There is another problem which, although does not directly point out
towards the presence of a dark energy component, can be elegantly solved
if we introduce it. Such a trouble arises when we compare the predicted
age of the Universe with the oldest stellar objects that we know. From the
age of the stars in globular clusters we can obtain a lower limit for the
age of the Universe to be t0 > 11− 12 Gyr [14, 15]. However, the age of
the Universe can be calculated as:

t0 =
∫ t0

0
dt =

∫ ∞

0

dz
H(1 + z)

(1.23)

where H is given by Friedmann equation (1.13). In order to calculate the
age of the Universe we can neglect the radiation contribution because it is
important only for z >∼ 1100 and that region contributes negligibly to the
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Figure 1.5: In this figure we show the age of the Universe as a function of ΩM
for an open universe without dark energy (green line) and for a flat universe with
dark energy in the form of a cosmological constant term. We also show the lower
bound obtained from the oldest stellar objects in globular clusters (red line). We
can see that the open case without dark energy only satisfies such a bound if
ΩM ≤ 0.3 and this implies that Ωk ≥ 0.7 which conflicts with CMB observations.
However, a flat universe with a cosmological constant easily evades those limits
for ΩM ≤ 0.5 or, equivalently, ΩΛ ≥ 0.5.

total integral. In a flat universe without cosmological constant we have:

t0 =
2

3H0
. (1.24)

Then, if we take H−1
0 = 9.785h−1 Gyr with 0.706 < h < 0.778 obtained

from the SHOES Team [16] we have that the age of the Universe is t0 =
8.4− 9.2 Gyr which conflicts with the lower bound imposed by the oldest
stellar objects. The situation does not get much better if we consider an
open universe without dark energy. In that case, as shown in Fig 1.5,
we need the curvature of the Universe to satisfy Ωk ≥ 0.7, but this is in
conflict with CMB observations which constrain the spatial curvature to
be very small. However, when we consider a cosmological constant term,
we can see in the Fig. 1.5 that the bounds from globular clusters can be
satisfied with a Ωk = 0 and ΩΛ ≥ 0.5. Hence, also the age of the Universe
strongly supports the idea of dark energy.
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1.5.2 Dark Energy models

Even though we have an enormous lack of knowledge about the true
nature of dark energy, the proliferation of theoretical models trying to
account for it has provided a wide variety of possible explanations for the
accelerated expansion by resorting to very different mechanisms, which
can be broadly classified into two groups: on one hand, those models
based on the introduction of new fields over cosmological scales and, on
the other hand, those models that modify the gravitational theory either
by adding new terms in the Einstein-Hilbert action or by assuming the
existence of additional dimensions. Although all the proposed models
are, in principle, plausible explanations for the current speed up of the
cosmic expansion, most of them actually fail in the purpose for which
they were introduced as alternatives to Λ, namely to avoid the naturalness
problem. This is so because they usually require the introduction of either
new dimensional constants differing by many orders of magnitude from
the Planck scale, or initial conditions that must be very fine-tuned in order
to get the desired effects.

At this point, we should notice that the majority of dark energy mo-
dels assume that the cosmological constant is set to zero by some un-
known mechanism. Although this might seem to be a very strong as-
sumption, it is easier to imagine a zero cosmological constant (arising for
instance from some symmetry principle) rather than one with the tiny ob-
served value. In [17], alternative measures of integration in the action are
considered in order to avoid a cosmological constant. For instance, if the
usual measure

√−g is changed by ∇µ Aµ√−g = ∂µ(
√−gAµ), the action

remains invariant under the addition of a constant term to the lagrangian
so that the potential presence of a cosmological constant becomes irrele-
vant. The same sort of symmetry principle is pursued in [18] by means of
the so-called Normalized General Relativity, in which the usual Einstein-
Hilbert action is normalized by a volume functional, in order to set the
cosmological constant to zero.

Another flaw that many dark energy models have to face is the pres-
ence of instabilities (both at the classical and the quantum level) when
the inhomogeneous perturbations are brought into the game, spoiling
that way all the nice properties of the homogeneous solutions and thus
the predictability of the model.

In the following, we shall present a brief summary of the most popular
dark energy models proposed to date. It will not be exhaustive at all and,
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for further details, I would refer to the excellent review [19] and the most
recent ones [20] and [21].

Scalar fields

One might be a bit suspicious about the use of scalar fields to explain
dark energy because none of the known fields in the Standard Model
of Elementary Particles has such a nature. However, the appearance of
scalar fields is a very typical feature in high energy physics like string
theories. Thus, it is well-motivated to consider the existence of cosmolo-
gical scalar fields as well as their implications on the Universe evolution
and, in particular, as possible candidates for dark energy. On the other
hand, there exist objects that behave as scalar fields even though they are
made of non-scalar fields like condensates. Moreover, this is a natural
extension of the already developed models based on scalar fields for the
early inflationary epoch.

Among all the possibilities, the simplest case that one can think of
is that of a scalar field with a canonical kinetic term plus an effective
potential term whose action is given by:

S =
∫

d4x
√−g

[
1
2

∂µφ∂µφ−V(φ)
]

. (1.25)

The models based on this action are usually referred to as quintessence
models and can lead to late time accelerated expansion for suitable choices
of the potential. Obviously, the arbitrariness on the choice of the potential
enables us with a great freedom to achieve the desired evolution for the
scalar field. The field equation derived from this action in a flat FLRW
metric reads:

φ̈ + 3Hφ̇ +
dV
dφ

= 0, (1.26)

whereas the corresponding energy-momentum tensor is given by:

Tµν = ∂µφ∂νφ− gµν

[
1
2

∂µφ∂µφ−V(φ)
]

. (1.27)

This expression yields the following energy density and pressure for the
scalar field in a FLRW metric:

ρφ =
1
2

φ̇2 + V(φ), (1.28)

pφ =
1
2

φ̇2 −V(φ), (1.29)
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where we have assumed that the scalar field is homogeneously distributed
in space. Then, the effective equation of state is given by:

wφ =
pφ

ρφ
=

1
2 φ̇2 −V(φ)
1
2 φ̇2 + V(φ)

. (1.30)

This expression shows that quintessence models are constrained to have
−1 ≤ wφ ≤ 1. The two limiting cases correspond to the domination of
the kinetic energy over the potential with wφ ' 1 (stiff matter) and the
cases with a flat enough potential leading to a cosmological constant-like
behavior with wφ ' −1.

A crucial difference between the quintessence fields and the inflaton
fields is that the former are not required to lead to a finite period of
accelerated expansion, but rather that they produce a late-time phase of
accelerated expansion with the appropriate scale. Typical potentials that
fulfill the mentioned requirement are the inverse power law potentials

V(φ) = M4
(

MP

φ

)n
(1.31)

and the exponential potential

V(φ) = M4e−α
φ

MP . (1.32)

In these potentials, M is some scale that must be fitted from data. The
problem arising here is that, again, the obtained scale for M turns out
to be very far away from the Planck scale so that these models do not
offer a satisfactory solution to the naturalness problem. In some cases,
the resulting value for the new scale M can be compatible with particle
physics, but there are some other theoretical problems like how the given
potential can be effectively obtained from particle physics or the need for
fine-tunings in the initial conditions. In any case, one interesting property
arising for some potentials is the possibility of having scaling solutions
in which the energy density of the scalar field mimics the evolution of
the dominant component and the fraction of energy density stored in the
scalar field remains constant throughout the expansion of the Universe.
Moreover, such solutions happen to be attractors so that one might alle-
viate the coincidence problem.

As we commented above, the quintessence models do not allow the
crossing of the so-called phantom divide line. However, current obser-
vations allow (and some authors even claim that they favor) that dark
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energy might have an equation of state smaller than −1, becoming that
way a phantom component. One simple way to achieve this behavior
with scalar fields is by changing the sign of the kinetic term in (1.25) so
that:

S =
∫

d4x
√−g

[
−1

2
∂µφ∂µφ−V(φ)

]
. (1.33)

The models with this action are called phantom fields and were first pro-
posed in [22]. The corresponding equation of state is given by:

wφ =
pφ

ρφ
=

1
2 φ̇2 + V(φ)
1
2 φ̇2 −V(φ)

. (1.34)

Unlike for the quintessence field, here we can have wφ < −1. A common
feature of these models is that a universe dominated by a phantom fluid
evolves towards a Big Rip singularity in which the curvature becomes
infinity in a finite time. Nonetheless, this can be avoided in the presence
of a potential with a local maximum so that the field oscillates around
such a maximum and leads to a future de-Sitter universe with the field at
rest at the top of the potential. Notice that, because of having the opposite
sign for the kinetic term, the field climbs the potential rather than rolls
down. In any case, these models have to face a more serious difficulty
arising from the ultra-violet quantum instabilities related to the negativity
of the kinetic terms. The problem is that the corresponding vacuum is
unstable against the production of normal particles with positive energy
in processes involving ghosts fields [23, 24].

A natural generalization of the latter phantom models that find a good
motivation in string theories are the so-called K-essence theories first pro-
posed to drive inflation [25] and later applied to the problem of dark en-
ergy [26, 27, 28]. These models describe a scalar field with an arbitrary
kinetic term so that the corresponding action is given by:

S =
∫

d4x
√−g p(X, φ) (1.35)

with X = 1
2 ∂µφ∂µφ. This action, of course, include both quintessence and

phantom models. There is much freedom in the choice of the kinetic func-
tion p(X, φ), although a simplified form p(X, φ) = f (φ) p̂(X) motivated
by string theory is usually assumed [26, 27, 28]. An interesting property
of these models is that they can lead to tracking solutions in which, for
a wide range of initial conditions, the scalar field evolves in such a way
that it tracks the energy density in matter so that it can solve the coinci-
dence problem. However, we cannot get rid of some fine-tunings. Also,
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it is possible to obtain phantom behavior, but again we have to face the
presence of instabilities.

Modified gravity

Another very popular approach to the dark energy problem adopted by
cosmologists is the modification of Einstein gravity, so that the accele-
rated expansion would be the natural late-time evolution in a universe
dominated by a matter component.

One class of modified theories which has received a huge amount
of attention in the last years consists of assuming that the gravitational
action is an arbitrary function of the Ricci scalar:

S =
∫

d4x
√

g
[

1
16πG

R + f (R)
]

. (1.36)

These type of models are usually referred to as f (R) models. Indeed, cor-
rections to Einstein-Hilbert action proportional to R2 were already known
to produce early accelerated solutions [29]. Since the scalar curvature
drops as the Universe expands, the R2 term becomes negligible at late
times as compared with the linear term so that it cannot give rise to
late-time acceleration. However, if we add inverse powers of the scalar
curvature, we will have the opposite situation, namely the new terms
are negligible at early times, while they can be important at late times.
In fact, this late-time modifications can give rise to accelerated solutions
[30, 31, 32].

The modified Einstein equations of motion arising from this action can
be written as:

(1 + fR)Rµν − 1
2

gµν(R + f ) + (gµν¤−∇µ∇ν) fR = 8πGTµν (1.37)

where fR ≡ d f
dR . Since the gravitational action is no longer linear in the

Ricci scalar, the modified Einstein equations are generally fourth order
differential equations for the metric tensor and so it is much more dif-
ficult to find analytical solutions unless appropriately simple forms for
the function f (R) are chosen. For a FLRW metric, the modified Einstein
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equations give rise to:

H2 +
1
6
− ä

a
fR + H ḟR =

8πG
3

ρ (1.38)

ä
a
− fRH2 +

1
6

f +
1
2

f̈R = −4πG
3

(ρ + 3p). (1.39)

From these equations we see that, unlike in GR, accelerated expansion
does not require ρ + 3p < 0 anymore. In fact, one can interpret the effect
of the f (R) term as an extra fluid with equation of state:

we f f = −1
3
− 2

3
6H2 fR − f − 6H ḟR − 3 f̈R

−6H2 fR − f − 6H ḟR + f̈R
. (1.40)

One can see from this expression that any background evolution can be
reproduced by means of a suitable choice of the f (R) function since, given
we f f , one can integrate the equation (1.40) to obtain the corresponding
form of the function f (R) that reproduces such a cosmology. For in-
stance, in [33] the function f (R) that mimics the behavior of a cosmologi-
cal constant without cosmological constant (i.e., for f (R) different from a
constant) has been obtained.

The fact that the modified action introduces non-linear terms of the
Ricci scalar implies that the theory contains additional degrees of free-
dom which are not present in GR. These new degrees of freedom be-
come apparent if we perform a conformal transformation of the form
g(E)

µν = e2ωgµν. In the new (Einstein) frame, the action acquires the follow-
ing form:

SE = − 1
16πG

∫
d4x

√−gER +
∫

d4x
√−gE

[
1
2
(∇Eφ)2 + V(φ)

]
(1.41)

where φ is a scalar field and V(φ) and effective potential that depends on
the function f (R). Thus, we see that the f (R) theory in the old (Jordan)
frame is equivalent to Einstein-Hilbert action plus a scalar field in the
conformally transformed (Einstein) frame. However, there is a crucial
difference between both frames, namely, while in the Jordan frame the
test particles follow the geodesics of g, in the Einstein frame they do not
fall along the geodesics of gE since the scalar field φ is coupled to all the
fields. Thus, even though both approaches are mathematically equivalent,
they describe different physical worlds.

A major problem that the pioneering proposals with f (R) ∝ 1/R had
to face is the presence of instabilities [34, 35] and some conflicts with Solar
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System experiments [36], although one can get these problems around by
introducing counterterms proportional to R2 [37].

So far, we have considered the theory in the so-called metric formalism
in which the fundamental gravitational field is the metric tensor. How-
ever, there is another approach (already considered by Einstein) in which
the fundamental fields are the metric tensor and the connection symbols,
usually called the Palatini formalism (see for instance [38] for cosmo-
logical evolution and constraints within this formalism). In GR, both
approaches lead to the same gravitational theory as long as the corre-
sponding energy-momentum tensor does not depend on the connection,
but in general f (R) theories they are no longer equivalent6. The main
difference arises because, while the metric formalism gives rise to forth
order equations of motion for gµν, the Palatini formalism leads to second
order differential equations for both the metric tensor and the connection
symbols. Indeed, this feature of the Palatini formalism can help avoiding
the presence of instabilities (e.g. [39, 40]).

Once that one opens the possibility of adding higher order terms in
the gravitational action, one can include more general curvature terms
involving the Ricci and/or the Riemann tensors. Among all the pos-
sible choices, it is usual to consider the invariants P = RµνRµν and
Q = RαβγδRαβγδ. Obviously, the f (R) theories are contained into this
broader class of theories and one could expect to have the same kind of
problems with instabilities and small scales behavior.

Finally, a modified theory of gravity resorting to extra dimensions in
order to explain the accelerated expansion of the Universe is the Dvali-
Gabadadze-Porrati (DGP) model [41], that considers our Universe as a
brane embedded in a 5-dimensional Minkowski bulk. In this model,
gravity behaves as four dimensional at small distances, but as long as
we consider larger distances it leaks into the bulk. The scale at which the
higher dimensional effects become important is given by the crossover
scale:

rc =
M2

P
2M3

5
(1.42)

where MP is the usual 4-dimensional Planck mass and M5 is the 5-
dimensional Planck scale. In a flat FLRW universe, the DGP model leads

6This is a reflect of the fact that GR is the theory describing a pure spin two particle,
whereas the modified f (R) theories contain extra degrees of freedom.
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to the following modified Friedmann equation:
(

1− ε

Hrc

)
H2 =

8πG
3

ρ (1.43)

with ε = ±1. Hence, when the Hubble radius is much smaller than the
crossover scale Hrc À 1 we recover the usual Friedmann equation, but
when the Hubble radius is comparable to the crossover scale the higher
dimensional effects becomes important. In a dust dominated universe
with ρ ∝ a−3 and in the branch with ε = +1 we see that the universe
evolves towards a de-Sitter expansion with H → r−1

c in the presence of
any component whose energy density dilutes as the universe expands.
The problem with this model is that it contains ghost-like modes which
make it unstable. Moreover, it provides a poor fit to SNeIa, BAO and
CMB data, being ΛCDM much more favored.

Recently, a generalization of this model in six dimensions instead of
the five dimensions already present in the original one has been proposed
[42]. This generalization has been called Cascading Gravity because, since
our 3-brane is embedded in a 4-brane, each of them with their respective
induced gravity terms, and both embedded in a flat 6-dimensional bulk,
the gravitational potential follows a cascading behavior in the form 1/r
for small scales, 1/r2 when the fifth dimension starts being important and
1/r3 when the sixth dimension becomes relevant. Indeed, this can realize
the so-called degravitation of the vacuum energy that might shed some
light into the cosmological constant problem because the gravitational
force becomes weaker and weaker as we consider larger and larger scales.
Finally, the main advantage of this generalization as compared to the
original proposal is that it is free of ghosts-like instabilities, as long as the
tension on the 3-brane is larger than a certain value.

Other approaches to dark energy

In addition to the dark energy models based on either scalar fields or
modifications of GR, there is a number of interesting, although not so
popular, alternatives to explain the accelerated expansion.

One attempt of unifying dark matter and dark energy is realized by
the so-called Chaplygin gas [43] whose equation of state is given by the
particular law:

p = −A
ρ

. (1.44)
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With this equation of state, the energy conservation equation yields the
following evolution for its energy density:

ρ =
√

A + B(1 + z)6. (1.45)

Hence, at high redshifts the fluid behaves as a matter component with ρ '√
B(1 + z)3 whereas at low redshifts its energy density is nearly constant

ρ ' √
A. Moreover, these models can be obtained from a canonical scalar

field with the following potential:

V(φ) =
√

A
2


cosh

(√
24πGφ

)
+

1

cosh
(√

24πGφ
)


 , (1.46)

so that they can be considered as particular cases of the already discussed
quintessence models.

These models were modified to include more general equations of
state of the form

p = − A
ρα

(1.47)

to alleviate some problems with CMB observations, but even in this case
there are strong limits in the parameters of the model.

Another interesting class of models is that in which the cosmological
constant is not a true constant, but it can run with the renormalization
group equations [44, 45] . Modifications of this scenario in which a cos-
mon component is considered to describe dark energy in addition to the
running cosmological constant have also been proposed [46], and they
could solve the coincidence problem because the ratio ρDE/ρM remains
bounded and of order 1.

So far we have seen that most of the attempts to explain the cosmic
acceleration resort to some kind of unknown physics either by appealing
to the existence of a new field or by modifying the gravitational theory.
However, there are proposals in the literature which do not make use
of new physics as well. One of these explanations consists of studying
whether the backreaction of inhomogeneous cosmological perturbations
[47, 48, 49] (both super and sub-horizon) could accelerate our local Hub-
ble patch even though the whole Universe is not accelerating. However,
this explanation cannot account for the whole observed acceleration. An-
other class of models which does not introduce new physics is that in
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which it is assumed that we live very close to the center of a spherically
symmetric underdense region (void) described by the Lemaître-Tolman
-Bondi (LTB) metric [50]. That way, even though we measure a matter
density parameter smaller than one inside the void, the actual value for it
outside the void would match that corresponding to the critical density.
However, these models require the same kind of fine-tuning to explain
why we happen to be so close to the center of the void as ΛCDM to
explain why the cosmological constant is so small. That is why it is usu-
ally said that these models shift the coincidence problem from why now?
to why here? because we need to be placed very close to the center of
the spherically symmetric void in order to explain the SN measurements
without giving rise to a too large CMB dipole. The possibility of having
an anisotropic rather than isotropic void has also been explored [51].

1.6 Final remarks

The discovery of the accelerated expansion of the Universe in 1998 put
on the table the necessity of introducing an exotic component in the Uni-
verse inventory, dark energy, which should compose about three quarters
of the total energy of the Universe. Although we have advanced in the
understanding of the properties of dark energy, it is fair to say that we
lack a satisfactory explanation of what the agent causing the cosmic ac-
celeration is. We do not even know whether it is due to the presence of
a new field or to the breakdown of GR at cosmological scales or to some
other physical mechanism that we are overlooking. Then, even though we
have advanced in the understanding of this phenomenon we still have a
long way ahead before we can address it. The reason is that we need
to compile more and more precise cosmological observations which will
enable us to constrain the possible models and, eventually, find the true
mechanism behind the cosmic acceleration. Among this new generation
of observations we might cite here the future surveys comprising several
thousands of SNIa, with the corresponding reduction of statistical uncer-
tainties, the Gamma Ray Burst (GRB), that will allow to explore the deep
Universe7, the weak gravitational lensing, that will probe dark energy by
means of its effects in the growth of structures or BAO measurements at
more redshifts (SDSS only reported measurements at two different red-
shifts). In [20], we can find an exhaustive list of the future projects to

7Recently, a GRB at redshift z ' 8.3 has been reported in [52].
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probe dark energy. Then, we will have to wait until the results of those
experiments appear, although, meanwhile, we can continue advancing in
our theoretical understanding of dark energy.
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Chapter 2

Moving dark energy

2.1 Introduction

As we have extensively seen in the previous Chapter, still nowadays
dark energy remains as the most intriguing component in the Universe
and, probably for that reason, many different models to describe it have
been proposed to date whose main motivation is caused by the the-
oretical problems related to the cosmological constant. Even though
there exists a wide variety of models arising from very different ap-
proaches (quintessence, phantom fields, K-essence, modified gravities,
etc.), in most of them one can finally reduce the model to be effectively
described as a perfect fluid characterized by the value of its density pa-
rameter today and its equation of state, which, in some cases, can even
evolve in time. Parameterizations for such evolving equations of state
by means of some suitable analytical function depending on a few pa-
rameters have also been proposed. This phenomenological description
of dark energy is very useful when confronting to observations because
it allows to obtain model-independent constraints on the dark energy
fluid. In other words, we can infer the energy-momentum tensor compo-
nents (as well as its evolution) for the dark energy fluid directly from the
observations without any a priori assumed fiducial consideration which
might lead to biased findings. The motivation for this approach is that
it can comprise many theoretical models at once so that one can deduce
what region of the parameter space of a determined theoretical model
will be more favored by data without having to perform the whole analy-
sis. In order to obtain a full knowledge about the dark energy properties
we should include all the components of its energy-momentum tensor,
although the most widely used parameterizations for the dark energy
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fluid assume vanishing off-diagonal components. We can give up this
assumption in two different ways: by allowing anisotropic stresses1 or a
non-vanishing momentum density.

The highly isotropic CMB power spectrum that we observe today im-
pose stringent limits in the possible presence of anisotropic stresses at
the largest scales or, equivalently, in the low multipoles. However, these
low multipoles are affected by large uncertainties due to the cosmic vari-
ance and they even present potential anomalies. It is worth mentioning
that the possibility of having anisotropic stresses in the Universe was al-
ready considered before the discovery of the accelerated expansion. In
fact, we can find a detailed study on the constraints obtained from the
CMB to the late-time anisotropic stresses generated by matter sources like
electric and magnetic fields or topological defects among others in [53].
Nonetheless, the interest on anisotropic effects grew after the discovery
of the accelerated expansion because the presence of a new dark energy
component in the Universe opened up the possibility of having a new
source of anisotropic stresses with cosmological implications. This is not
exclusive of dark energy models with a new field causing the accelera-
tion, but also in modified gravities the existence of additional stresses is a
typical feature. To mention some explicit examples, in [54] an anisotropic
cosmological constant arising from an infrared non-commutativity of the
spacetime is studied, the presence of magnetic fields at the decoupling
time making the Universe ellipsoidal by that time was considered in [55]
and, finally, in the series of papers [56], [57] and [58] a very exhaustive
theoretical study of anisotropic stresses in dark energy models as well as
confrontation with observations was performed.

In the previous paragraph we have focused on the possibility of hav-
ing anisotropic contributions to the low CMB multipoles from dark en-
ergy models whose energy-momentum tensor has non-vanishing anisotro-
pic stresses. Since the CMB anisotropies are of order 10−5, the corre-
sponding constraints for the anisotropic stresses are expected to be at the
same level (or lower). In the analysis leading to these limits, the contri-
bution from the dipole, which is of order 10−3, is not taken into account
because it is usually considered as a pure kinematical Doppler effect and
so it can be removed when dealing with cosmological phenomena. How-

1By anisotropic stresses, usually labeled Πi
j, we refer to the spatial non-isotropic piece

of the energy-momentum tensor so that this can be decomposed as Ti
j = 1

3 Tδi
j + Πi

j with

T = Ti
i . This sort of contributions are not unusual and even massive neutrinos can

produce them.
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ever, some authors have also considered the possibility of a cosmological
origin for the dipole from entropy gradients [59] or super-horizon prein-
flationary perturbations [60]. Hence, it seems worthwhile to pursue the
possibility that dark energy could modify the usual interpretation of the
dipole and provide it with a cosmological origin, violating that way the
Cosmological Principle. This can be achieved by allowing for the exis-
tence of non-vanishing momentum density of dark energy, i.e., T0i

DE 6= 0
[61, 62]. In terms of the effective fluid description, this can be interpreted
as a relative motion between the standard components of the Universe
(radiation, baryons and dark matter particles) and dark energy or, equiv-
alently, that the dark energy rest frame does not coincide with that of the
rest of components of the Universe on large scales. We should remind
here that we know essentially nothing about the origin of dark energy (or
more precisely, about the origin of the cosmic acceleration) so that a com-
plete knowledge about its properties requires a study of all the compo-
nents of its energy-momentum tensor. However, we do know some of the
properties it should have in order not to spoil the Standard Cosmology
predictions. In particular, it is usually considered as a highly homoge-
neous fluid because, in most of the models, the sound speed is very close
to the speed of light so that one can prevent the formation of dark energy
structures below the Hubble scale. Moreover, its interactions with the rest
of components must be very weak and, indeed, in most of the cases dark
energy is supposed to interact with the standard components only gravi-
tationally so that it can be considered as a totally decoupled fluid. Hence,
on the grounds of these assumptions about the dark energy component,
it seems possible to consider different large scale rest frames for dark en-
ergy and for the primordial plasma in the early Universe and, thus, it
makes sense to ask whether the dark energy rest frame coincides with
the radiation or matter rest frames at large scales. On the other hand, the
fact that a pure cosmological constant is invariant under change of frame
implies that the potential effects associated to a non-vanishing relative
motion will be exclusively present in dynamical dark energy models.

Leaving aside the actual origin of the dark energy flow, it seems clear
that its existence is an expected feature when treating the dark energy
component as a totally decoupled fluid. We shall investigate this possi-
bility throughout this Chapter and show its potential effects on the CMB.
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This Chapter contains the results corresponding to the following works:

• Cosmology with moving dark energy and the CMB quadrupole.
Jose Beltrán Jiménez and Antonio L. Maroto.
Physical Review D76, 023003 (2007).

• Large-scale cosmic flows and moving dark energy.
Jose Beltrán Jiménez and Antonio L. Maroto.
JCAP 0903:015 (2009).

2.2 Large-scale dark flows

The Cosmological Principle states that the Universe is homogeneous and
isotropic on large scales, i.e., on scales beyond ∼ 1Gpc. However, when
we go down to smaller scales, the Universe does not look homogeneous
anymore and we can start distinguishing structures like super-clusters
(∼ 100 Mpc), clusters (∼ 1− 10 Mpc) or galaxies (∼ 1− 100 kpc). These
structures that we observe today in the matter distribution are thought to
be formed by primordial quantum fluctuations originated during an in-
flationary era that, later on in the Universe evolution, would play the role
of seeds around which the aforementioned hierarchy of structures would
tend to grow. Moreover, these structures attract to each other gravita-
tionally giving rise to the existence of relative motions due to the falling
of the smaller structures into the larger ones. Hence, if we observe small
enough volumes of matter, and once the Hubble flow has been subtracted,
we would expect to see peculiar velocities of statistical origin for such vol-
umes with respect to the large scale rest frame of the whole matter com-
ponent. Indeed, the peculiar velocity of a galaxy placed at the position~r
is given by [63]:

~v(~r) =
Ω0.55

M
4π

∫
d3~r ′δM(~r ′)

~r ′ −~r
|~r ′ −~r|3 (2.1)

where δM is the density contrast of matter. From this expression we
can see that for sufficiently large volumes of matter where the Universe
becomes homogeneous, the peculiar velocities disappear. Whether the
frame in which this effect decays as we consider large scales is the same
as the CMB rest frame or not is not very clear from the observational
point of view, as we shall see later, and, therefore, should be observation-
ally tested.
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In the standard ΛCDM model, matter and radiation share a common
large scale rest frame because they were strongly coupled in the early
Universe when forming the primordial photon-baryon plasma fluid. In
this scenario, it is natural to expect the presence of relative motions for
small volumes of matter with respect to the CMB frame, although such
peculiar velocities (in the CMB rest frame) should vanish as we consider
larger volumes because of the convergence of radiation and matter rest
frames, as the Cosmological Principle dictates. In fact, this is nothing
but a direct consequence of the momentum conservation before and after
decoupling time. Since radiation and baryons had the same velocity be-
fore decoupling, if we use the center of mass frame (defined as the frame
where the primordial plasma is at rest) the mentioned velocity vanishes
identically. Then, since there are no additional momentum sources, the
individual momentum conservation for each component makes them to
remain at rest with respect to each other after decoupling. Nonetheless,
the presence of the dark energy with non-vanishing relative velocities
component may give rise to an additional source of momentum at that
time so that the latter prediction in the standard ΛCDM model breaks
down and baryons and photons are allowed to acquire relative velocities.
This issue will become clearer in the subsequent Sections when going
through the actual equations.

The formula given in (2.1) shows that the peculiar velocities of galaxies
are sensitive to the matter power spectrum so that they provide a pow-
erful tool in order to probe matter density fluctuations on large scales.
For this reason, a big effort has been made to compile peculiar velocities
of a large number of galaxies by using different tracers, namely individ-
ual galaxies [64, 65, 66, 67], clusters of galaxies [68, 69, 70] or type Ia
supernovae [71]. Although surveys based on different distance indica-
tors seem to agree with predictions of ΛCDM on small scales, on larger
scales they have seemed to be in conflict among them and with ΛCDM
for many years, yielding peculiar velocities in the wide range 0− 1000
km/s. However, new data analysis performed in recent years like those
in [72, 73, 74, 75, 76, 77] suggest that most of the surveys could also agree
with each other on such large scales.

A completely new approach to obtain peculiar velocities of large vol-
umes of matter which makes use of the Kinematic Sunyaev-Zeldovich
effect on the CMB photons by the hot gas in clusters of galaxies was pro-
posed in [78] and carried out in [79] and [80]. They find coherent bulk
flows on scales of 300h−1 Mpc towards l = 283◦ ± 14◦, b = 11◦ ± 14◦ (in
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galactic coordinates). The reported amplitude for those peculiar veloci-
ties are in the range 600-1000 km/s, although the authors point out that,
even though there is no doubt about the existence and direction of the
flows, the obtained values for the amplitudes may have some systematic
offset. In [79], they attribute these peculiar velocities to pre-inflationary
super-Hubble perturbations (see [60]).

On the other hand, a calculation of peculiar velocities using some of
the available measurements has been performed in [81], but with a new
method which allows to reduce the sensitivity to small scale power and
makes possible to compare the results obtained from different surveys. In
that work, they find a consistent flow of matter on scales of 100h−1 Mpc
towards l = 287◦ ± 9◦, b = 8◦ ± 6◦ and with an amplitude of 407± 81
km/s. The direction of the detected flow is in very good agreement with
the results in [79], in spite of having used a very different method. The
authors of this work claim that these peculiar velocities may be due to
structures larger than the reached scale of 100h−1 Mpc.

Figure 2.1: Left panel: bulk flows reported in [81] where we again see the
consistent bulk flow on scales up to 60h−1 Mpc. The different symbols represent
different surveys. Right panel: peculiar velocities obtained in [80]. We can see
that the amplitude of the peculiar velocities are above the prediction of the 1-σ
standard ΛCDM represented by the grey band for scales up to 300h−1 Mpc.

In conclusion, these results suggest the existence of a coherent flow
of matter with respect to the CMB rest frame on very large scales which
could be signaling the breakdown of the Cosmological Principle. In both
works, such a flow is explained resorting to very large-scale matter per-
turbations, i.e., the observed peculiar velocities would be caused by the
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existence of some super-structure which must be further away than the
Great Attractor, located at 40− 60h−1 Mpc from us [82, 83]. In any case,
the presence of flows with such a large amplitude seems to be difficult
to understand within the context of standard ΛCDM cosmology, which
predicts much smaller velocities on the quoted scales.

However, the observed bulk flow could be indicating that matter is
globally moving with respect to radiation, i.e., that matter and radia-
tion do not share a common rest frame on very large scales rather than
being due to some super-horizon perturbation. In other words, the ve-
locity of a matter bulk of size R may have two independent components:
~VR,bulk = ~VR,sta + ~Vcosmic where ~VR,sta is the statistical r.m.s. velocity fluc-
tuation generated by density inhomogeneities and ~Vcosmic is the cosmic
velocity of matter with respect to the CMB because of having a different
rest frame. Then, as we average over a large volume of matter, the first
term becomes negligible whereas the second term remains constant and
gives rise to a net cosmic flow. Indeed, as we discussed in the Introduc-
tion of this Chapter, this is the sort of phenomenon that one would expect
in a scenario where dark energy rest frame differs from that of matter and
radiation so that the detected large scale bulk flows could be naturally ex-
plained in the context of a moving dark energy model. We could see this
the other way around, i.e., the detected large scale coherent motion of
matter volumes with respect to the CMB might be signaling the presence
of a dark moving component which could be identified with dark energy.

2.3 Slow-moving fluids: second order equations

The implications of having a moving dark energy component can be ap-
propriately accounted for by considering the usual scenario of a Universe
filled with four perfect fluids, namely: radiation, baryons, dark matter
particles and dark energy and allowing for the presence of relative veloc-
ities among them. In this framework, the content of the Universe is well
described by the following energy-momentum tensor:

Tµν = ∑
α

[
(ρα + pα) uα

µuα
ν − pαgµν

]
(2.2)



36 2. Moving dark energy

where α stands for the components of the Universe α = R, B, DM, DE
and the 4-velocities of the fluids in an arbitrary frame are:

uµ
α ≡ dxµ

dτ
= γα (1,~vα) (2.3)

with

γα =
1√

g00 + gijvi
αvj

α

. (2.4)

In order to simplify the problem and to obtain some analytical solutions
we shall use cosmological perturbations theory, assuming that the fluids
velocities are small2, i.e. ~v2

α ¿ 1. To that end, we expand the different
quantities of the four fluids up to second order as follows:

ρα = ρ
(0)
α + ρ

(1)
α + ρ

(2)
α + · · ·

~vα = ~v(1)
α +~v(2)

α + · · · (2.5)

where we have imposed the fluids to be at rest to zeroth order, i.e.,
~v(0)

α = 0. That way, the most general form for the metric is given by
the perturbed Friedmann-Robertson-Walker metric:

ds2 = a2
[[

1 + 2
(

φ(1) + φ(2)
)]

dη2 + 2
[
S(1)

i + S(2)
i

]
dxidη

−
[(

1− 2
(

ψ(1) + ψ(2)
))

δij + hij

]
dxidxj

]
. (2.6)

We shall consider the homogeneous part (or zero-Fourier mode) of the
energy-momentum tensor so that all the quantities in the problem will
depend only on time. In the line element given above, φ(1) and ψ(1) are
scalar perturbations of first order and will be determined from ρ

(1)
α in the

first order equations of motion. However, the second order scalar pertur-
bations φ(2) and ψ(2) can depend, not only on ρ

(2)
α and (ρ

(1)
α )2 terms, but

also on (~v (1)
α )2 which are also scalars. Analogously, the first order vec-

tor perturbations ~S(1) can only be related to the first order velocities ~v(1)
α

in the equations of motion, whereas to second order, ~S(2) will be deter-
mined by combinations of ~v(2)

α and F(1)~v(1)
α where F(1) is a scalar function

of the first order scalar perturbations. Finally, hij is a traceless tensor

2Note that, according to the reported amplitudes for the large scale bulk flows in [79]
and [81], the velocities of the fluids are expected to be smaller than O(10−2).
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perturbation which should be of second order and depend on the com-
binations v(1)

αi v(1)
αj − 1

3(v(1)
α )2δij. Note that, since we are considering only

time-dependent perturbations on the energy-momentum tensor, all the
perturbations on the metric will be uniquely functions of time and, there-
fore, the perturbed metric does not contain any terms involving spatial
derivatives.

So far, we have not done any specific gauge choice, so we still have
four gauge degrees of freedom which can be removed by making a choice
of the coordinate system. Hence, we can simplify the problem if we
choose our coordinates appropriately. In particular, we can fix the spatial
coordinates in a way that the vector part of the metric vanishes ~S = 0.
The physical interpretation of this condition is apparent when solving
the (0

i) Einstein equation of the exact problem, that allows to obtain the
condition:

Si =
∑α γ2

α(ρα + pα)gijv
j
α

∑α γ2
α(ρα + pα)

. (2.7)

Hence, ~S can be interpreted as the relativistic cosmic center of mass
velocity (CCM velocity), since the combination ρ + p plays the role of
inertial mass density for the corresponding fluid in General Relativity.
We shall see later on that this velocity gives a cosmological contribution to
the CMB dipole. Notice that, in general, an observer at rest with respect
to cosmic center of mass could be moving with respect to radiation or
matter. On the other hand, the temporal coordinate can be chosen so that

∑α(ρα − ρ
(0)
α ) = 0, which means that the total density perturbations are

identically zero. With this gauge choice, the (0
0) and (i

j) components of

Einstein equations Gµ
ν = 8πGTµ

ν up to second order adopt the form:

Zeroth order

H2 =
8πG

3
a2 ∑

α

ρ
(0)
α (2.8)

2H′ +H2 = −8πG a2 ∑
α

p(0)
α (2.9)

First order

− 6
a2H

(
ψ′(1) +Hφ(1)

)
= 0 (2.10)
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ψ′′(1) + 2Hψ′(1) +Hφ′(1) + (H2 + 2H′)φ(1) = 0 (2.11)

Second order

− 2H
a

[
a
(

ψ(2) +
(

ψ(1)
)2

)′
− 2

(
φ(1)

)2
)

+ ψ′(1)
(

ψ′(1) + 4Hφ(1)
)

=
8πG

3
a2 ∑

α

(
ρ

(0)
α + p(0)

α

) (
v(1)

α

)2
(2.12)

2
a2

[(
2H′ +H2

)
φ(2) +Hφ′(2) + ψ′′(2) + 2Hψ′(2) − 2

(
H2 + 2H′

) (
φ(1)

)2

+
1
2

ψ′(1)
(

ψ(1) − 2φ(1)
)′

+ 2ψ′′(1)
(

ψ(1) − φ(1)
)

+2H
[(

(ψ(1))2 + (φ(1))2
)′

+ 2φ(1)ψ′(1)
]]

δi
j

+
1

2a4

(
a2h′ ij

)′
= 8πG ∑

α

(
ρ

(0)
α + p(0)

α

)
v(1)i

α v(1)
αj (2.13)

with ′ ≡ d
dη and H = a′/a is the Hubble parameter.

Nevertheless, the system is incomplete because there are more un-
known variables than equations. In general, the problem with n fluids
has ten independent Einstein equations, but the unknown quantities are
the densities (assuming a given equation of state) and the three inde-
pendent components of the four-velocity of each fluid (because of the
constraint u2 = 1). Therefore, there are 10 + 4n unknown functions, al-
though, since there are four gauge degrees of freedom, we can fix four
quantities and reduce the number of undetermined functions to 6 + 4n.
With this count, one needs 4(n− 1) additional equations to complete the
system. The simplest way to close the problem is by requiring the conser-
vation of each energy-momentum tensor, assuming they are decoupled
from each other: Tµν

α ;ν = 0 with α = 1...n. Obviously, one can modify
these relations by changing the right hand side in order to consider in-
teractions between the fluids. This guarantees the completeness of the
system since it provides the 4(n− 1) required equations (there are 4n ex-
tra equations, but the conservation of the total energy-momentum tensor
makes one of those equations superfluous). For our case, these additional
equations read for the energy and momentum conservation (notice that
momentum conservation is trivial at zeroth order):
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Zeroth order

ρ
′(0)
α + 3H

(
ρ

(0)
α + p(0)

α

)
= 0 (2.14)

First order

ρ
′(1)
α + 3H

(
ρ

(1)
α + p(1)

α

)
= 3

(
ρ

(0)
α + p(0)

α

)
ψ′(1) (2.15)

[
a4

(
ρ

(0)
α + p(0)

α

)
~v (1)

α

]′
= 0 (2.16)

Second order

ρ
′(2)
α + 3H(ρ

(2)
α + p(2)

α ) =

− 1
a4

[
a4

(
ρ

(0)
α + p(0)

α

)]′ (
~v (1)

α

)2 − (ρ
(0)
α + p(0)

α )
(
(~v (1)

α )2
)′

+ 3
[(

ρ
(0)
α + p(0)

α

) (
(ψ(1))2 + ψ(2)

)′
+ (ρ

(1)
α + p(1)

α )ψ′(1)
]

(2.17)

[
a4

(
(ρ

(0)
α + p(0)

α )(~v(2)
α − 2φ(1)~v(1)

α ) + (ρ
(1)
α + p(1)

α )~v(1)
α

)]′

= a4(ρ
(0)
α + p(0)

α )(5ψ(1) − φ(1))′~v(1)
α (2.18)

where we have used the previous orders equations at each order.

2.4 Sachs-Wolfe effect with moving fluids

The homogeneous scalar perturbations can only affect the overall isotropic
temperature of the CMB, i.e., the value of the monopole, being such a con-
tribution expected to be much smaller than the mean CMB temperature
so that we can safely neglect it. Concerning vector perturbations, we can
absorb them in the definition of the frame in which we are performing
the calculations, although we must be careful in appropriately interpret-
ing the obtained final results. In particular, if we use the cosmic center
of mass frame we can ignore the vector perturbations in the calculations
and, then, introduce them back at the end by a proper interpretation of
the velocities appearing in the final result. After considering all these
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simplifications we conclude that, in order to calculate the new contri-
butions produced by the motion of the fluids to the CMB temperature
power spectrum, only the tensor perturbations are truly relevant so that
the perturbed line element considered in the subsequent calculations will
be:

ds2 = a2(dη2 − (δij + hij)dxidxj). (2.19)

In order to calculate all the contributions to the temperature anisotropies
generated by the metric perturbations, we should solve the corresponding
radiative transfer equations (see [84, 85]). This is the system of Einstein-
Boltzmann equations for the set of fluids. However, since we only expect
effects on large scales, leading to modifications in the dipole and the
quadrupole (which are not affected by microphysics at the time of recom-
bination), the only relevant contribution for such a large angle contribu-
tion will be given by the Sachs-Wolfe effect, which takes into account the
variation in the energy of photons propagating from the last scattering
surface [85] and is given by:

δT
T

=
a0E0 − adecEdec

adecEdec
. (2.20)

Here, the indices 0 and dec denote the present and decoupling times re-
spectively and E is the energy of the photon. For an observer with velocity
uµ = γ(1,~v) this energy is given by:

E = gµνuµPν, (2.21)

with

Pν = E
dxν

dλ
, (2.22)

where E parameterizes the photon energy and λ is an affine parameter.
By the invariance of the action of the geodesics of a massless particle
under conformal transformations of the affine parameter, the geodesics
of the metric gµν given by (2.19) with affine parameter λ are the same
as those of the metric ĝµν = a−2gµν with affine parameter η such that
dλ = a2dη. The trajectory of the photon coming from the direction given
by the Minkowski-null vector nµ = (1,~n) with ~n2 = 1 will be perturbed
in such a way that we can write xµ(η) = nµη + δxµ, where the second
term corresponds to the contribution from hij which is of second order.
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Then, assuming that the observer velocity is of first order, the momentum
of the photon to second order is:

Pν =
E
a2

(
nν +

dδxν

dη

)
. (2.23)

Inserting this expression in (2.21) we obtain:

E =
E
a

(
1 +

1
2
~v 2 −~v ·~n +

dδx0

dη

)
. (2.24)

For the ĝµν metric, the second order of the zero component of the geodesic
equations in terms of the metric perturbation reduces to:

d2δx0

dη2 +
1
2

dhij

dη
ninj = 0 (2.25)

which can be easily integrated to get:

dδx0

dη
= −1

2
hijninj. (2.26)

Then, the energy of the photon results finally:

E =
E
a

(
1 +

1
2
~v 2 −~v ·~n− 1

2
hijninj

)
. (2.27)

Thus, by using this formula for the energy of the photon in equation (2.20)
and expanding up to second order we obtain the following expression for
the temperature fluctuations:

δT
T
' 1

2
~v 2|0dec −~v ·~n|0dec − (~vdec ·~n)(~v ·~n)|0dec −

1
2

hijninj|0dec. (2.28)

The first term in (2.28) only contributes to the monopole and can be ne-
glected. The second term is the familiar Doppler effect, but with the nov-
elty that, since the velocities appearing in ~v ·~n|0dec are referred to the ~S = 0
frame, in the case of moving fluids the dipole must be interpreted as being
caused by the motion of emitter and observer with respect to the cosmic
center of mass and this frame, in general, will differ from that of CMB. Fi-
nally, the last two terms give new contributions to the quadrupole. These
new contributions to both the dipole and the quadrupole will be studied
in detailed in the following Sections.
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2.5 CMB dipole from moving dark energy

Before proceeding with the analysis of the dipole contribution obtained
in the preceding Section it will be convenient to get a deeper insight on
the velocities evolution of the different components of the Universe. If we
place ourselves in the CCM rest frame, defined by the condition ~S = 0, we
have that the condition (2.7) must hold which, for small velocities, reads3:

∑
α

(ρα + pα)~vα = 0. (2.29)

Notice that this is the usual definition for the center of mass frame as
long as the combination ρα + pα, as commented before, is interpreted
as the inertial mass of the corresponding fluid. In the early Universe,
radiation dominates over the rest of components so it will drag baryons
and dark matter particles in such a way that they all will share a common
rest frame, as expected for interacting species in thermal equilibrium.
Concerning dark energy, because it does not interact with photons, it
can move in a different way. However, in the CCM rest frame, radiation
(and matter) and dark energy velocities are related by means of (2.29) as
follows:

~vearly
DE = −4

3
ρ

early
R

ρ
early
DE + pearly

DE

~vearly
R (2.30)

where we have made use of the fact that matter and radiation velocities
are the same and that matter energy density is negligible compared to that
of radiation at that epoch. Notice that this relation provides a preferred
axis in the Universe given by the fluids motion direction. In other words,
the Universe will acquire an axial symmetry around the axis defined by
the motion of the different components. This issue will be discussed in
more detailed in next Sections.

In order to obtain the scaling of the different components velocities
relative to the CCM rest frame we shall use the momentum conservation
equation for each fluid expressed in (2.16), which, in the CCM rest frame,
reads:

d
dt

[
a4(ρα + pα)

(
~S−~vα

)]
= 0. (2.31)

3Hereafter we shall omit the indices denoting the perturbation order of the corre-
sponding quantity to alleviate the notation. There will be no confusion since all the
energy densities and pressures will be zeroth-order and all the velocities will be first-
order.
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This equation can be immediately integrated if we assume a constant
equation of state wα = pα

ρα
to give:

~S−~vα = ~v0
αa3wα−1 (2.32)

with ~v0
α the present value of the velocity. Thus, radiation (wR = 1

3 ) moves
with constant velocity with respect to the CCM, whereas matter (w = 0)
velocity decays as a−1. The evolution of dark energy velocity depends on
the particular model under consideration. Therefore, according to (2.32),
matter and radiation have constant velocity before decoupling, but, after
that, matter starts reducing its velocity as the Universe expands whereas
radiation keeps moving with the same constant velocity. As a conse-
quence, the presence of moving dark energy at the time of recombination
makes possible that matter and radiation could acquire a relative velocity
after decoupling. This effect can only take place if dark energy is not a
cosmological constant, otherwise there would be no momentum contri-
bution from dark energy to (2.29). Notice that, since dark matter particles
should decouple before baryons do (in order to be able to form the struc-
tures we observe today) and they both have the same equation of state,
we expect them to have a relative motion with constant velocity. Thus,
the complete picture of the motions would be as follows: radiation mov-
ing with constant velocity, baryons and dark matter moving in the same
direction with constant relative velocity and, both, slowing down with
respect to radiation. Finally, dark energy would move along the opposite
direction.

Now that we know how the different components of the Universe
move throughout the Universe history we can move on to discuss the
dipole contribution in these cosmologies. In the previous section we have
shown that the CMB dipole must actually be reinterpreted when moving
fluids are present in the Universe. Thus, rather than being a pure kine-
matical effect due to our motion with respect to the CMB photons, the
dipole acquires an intrinsically cosmological contribution from the fluids
motion. Such a motion spoils the Cosmological Principle by introducing
a privileged frame in the Universe or, equivalently, a preferred direction
given by the velocities of the fluids. According to the expression (2.28)
obtained above, the dipole produced by the Sachs-Wolfe effect is nothing
but a Doppler effect due to the motion with respect to the cosmic center
of mass rest frame and not with respect to the CMB rest frame as it is
usually stated. Although the dipole contribution appearing in (2.28) was
derived in the CCM rest frame, we can obtain its expression in an arbi-
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trary frame by performing the corresponding transformation to yield:

δTdipole

T0
' ~n ·

(
~S−~v

)0

dec
(2.33)

where, as in (2.28), ~n is a unitary vector along the direction of observa-
tion, ~v0 is the velocity of the observer today and ~vdec is the velocity of the
emitter at decoupling time, although such velocities are not referred to
any particular frame in this case. Notice that, according to (2.33), when
several fluids with relative velocities are present, the CMB dipole is given
by the velocities of emitter and observer with respect to the CCM frame.
In the case in which all the fluids share a common rest frame, the ve-
locities are referred to that frame which is nothing but the CMB frame.
However, when the fluids velocities are different, the physically relevant
frame for the dipole is the CCM which is different from the CMB frame.
In this sense, if emission took place from a source at rest with respect to
the CCM frame, that frame could be determined physically as the frame
attached to an observer who measures a vanishing dipole.

If we assume that the intrinsic dipole fluctuation at the last scattering
surface is negligible we can take ~vdec ' ~vdec

R . On the other hand, if the
observer today is at rest with respect to matter we have ~v0 ' ~v0

M. Thus, if
we now refer the velocities to the CCM frame, we finally get:

δTdipole

T0
' ~n ·

(
~v0

R −~v0
M

)
(2.34)

where we have used that the velocity of radiation with respect to the CCM
is constant. Then, according to (2.34), we conclude that the contribution
to the dipole temperature fluctuation of the CMB is due to the relative
motion of matter with respect to radiation. This is precisely the kind of
flow detected in [79, 80] and [81], so the direction reported in both papers
gives directly the direction of motion of the fluids.

Notice that, although calculated in the CCM frame, (2.34) is valid for
any frame since it is expressed as the difference of two velocities evaluated
at the same time. According to (2.32), today the velocity of matter with
respect to the CCM is expected to be much smaller than that of radiation
and the dipole can also be written as:

δTdipole

T0
' ~n ·~v0

R (2.35)

so that the cosmological dipole could be alternatively interpreted as due
to the relative motion of radiation with respect to the CCM.
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Using again expression (2.29), it is possible to relate the amplitude
of the dipole (v0

R) to the present value of the dark energy velocity with
respect to the CCM frame:

v0
DE =

v0
R

(1 + w0
DE)ΩDE

(
2
3

ΩR +
ΩB

1 + zdec
+

ΩDM

1 + z∗

)
(2.36)

where z∗ is the decoupling redshift of dark matter and radiation and
w0

DE is the present value of the dark energy equation of state. We can
estimate typical values of the present dark energy velocity. Thus, from the
measured bulk flows we can take v0

R ∼ 500 km/s and assuming ΩDE '
0.7, z∗ > 105 and w0

DE ' −0.97, we get v0
DE ∼ 1 km/s, which agrees

with our assumption of small velocities. Notice that the closer w0
DE is to

−1 the larger the dark energy velocity is. Finally, an interesting feature
which is worth mentioning and that can also be seen from (2.30) is that,
for a phantom-like dark energy model with wDE < −1, dark energy will
move in the same direction as the other fluids in the CCM rest frame.
This is so because for a phantom-like dark energy model the density of
inertial mass ρ + p is negative so that it contributes to the CCM as a fluid
of inertial mass −(ρ + p) moving in the opposite direction.

2.6 Contribution to the CMB quadrupole

The CMB quadrupole acquires two new contributions from the fluids
motion as shown in the last two terms in (2.28). The first of them does not
depend on the metric perturbation since it comes from the second order
expansion of the denominator in (2.20)4. As we will show below, this
term is expected to be smaller than the last one. Therefore, the dominant
contribution to the quadrupole is given by the following expression:

δTQ

T
= −1

2
(hij(a0)− hij(adec))ninj. (2.37)

This formula shows that we only need to know hij in order to calculate the
quadrupole contribution and, in addition, this term does not depend on
the observer velocity as we can see in its corresponding equation (2.13).
Moreover, this equation can be integrated to obtain the general solution

4In fact, this term is also present in the usual case without moving dark energy.
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for hij:

hij =
∫ a

a∗

6
ã4

[∫ ã

a∗
â2 ∑

α

(ρα + pα)
(

vαivαj − 1
3
~v2

αδij

)
dâ√
∑α ρα

]
dã√
∑α ρα

,

(2.38)
where a∗ is the value of the scale factor at the time at which we specify
the initial conditions for hij. Notice that the quadrupole does not depend
on hij(a∗), but only on the initial value of the derivatives. For simplicity
we will assume that the metric anisotropies are generated by the fluids
motion and therefore we consider a purely isotropic Universe for a < a∗,
i.e., we take hij(a∗) = h′ij(a∗) = 0. The solution of the metric perturbation
hij shows that the quadrupole depends on both the zeroth order energy
densities of the fluids and their first order velocities with respect to the
center of mass, whose solution was obtained in the previous section and,
in the CCM rest frame, read:

~vα = ~v0
αa3wα−1. (2.39)

As we already said, the presence of the fluids motion induces axial sym-
metry around the axis defined by the velocities. That way, each energy-
momentum tensor (and therefore the total one) will have an axial sym-
metry which will also be present in the metric. This means that the tensor
perturbation hij adopts a diagonal form. In fact, if we choose the veloc-
ities lying along the z-axis, the tensor perturbation given by (2.38) will
be proportional to diag(−1/3,−1/3, 2/3), as deduced from its tensorial
structure given by the combination v̂iv̂j − 1

3 δij with v̂i a unitary vector
parallel to the velocities of the fluids. Taking into account the previous
discussion, the final expression for the quadrupole results:

δTQ

T
= −1

2
(h(a0)− h(adec))

(
cos2 θ − 1

3

)
(2.40)

where θ is the angle formed by the observation direction and the velocities
of the fluids, and h(a) = ∑α hα(a) with

hα(a) = 6
∫ a

a∗

1
ã4

[∫ ã

a∗
â2(ρα + pα)v 2

α
dâ√
∑α ρα

]
dã√
∑α ρα

. (2.41)

The function of θ appearing in (2.40) is proportional to the spherical har-
monic Y20 so we can express the quadrupole fluctuation as:

δTQ

T
=

2
3

√
π

5
(h0 − hdec)Y20. (2.42)
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It is usual to introduce the power spectrum of the temperature fluctua-
tions of the CMB as:

δT`

T
=

√
1

2π

`(` + 1)
2` + 1 ∑

m
|a`m|2 (2.43)

where a`m are the coefficients of the expansion in spherical harmonics.
Moreover, the quadrupole is usually defined as:

Q ≡ δT2

T
=

√√√√ 3
5π

2

∑
m=−2

|a2m|2 (2.44)

which, in our case, reduces to:

QA =
2

5
√

3
|∆h| , (2.45)

where we have defined ∆h = h0 − hdec.

The quadrupole given by (2.45) is due to the anisotropy of the space-
time background (that is why the index A is introduced), but we have to
add the standard isotropic fluctuation produced during inflation. Then,
if we assume that the anisotropies are small, the total effect will be the
linear superposition of both contributions (see [86]):

δTT = δTA + δTI (2.46)

and, therefore:
aT
`m = aA

`m + aI
`m. (2.47)

Notice that, as discussed in [86], there is the possibility that the inflation-
produced contribution could be strongly biased or anti-biased by the
anisotropic background, mainly in the case in which anisotropies grew
as we go back in time. However as discussed in that reference, this is
unlikely in general since it would require a correlation between the quan-
tum origin and subsequent classical evolution. Moreover, in our case, the
background evolution during inflation is isotropic and we do not expect
any interference effect.

Following [55], we can easily generalize our results to the case of an
arbitrary orientation of our frame in which the velocities lie along the
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direction given by (θ̂, φ̂). In that case, the coefficients of the expansion
are:

aA
20 =

√
π

6
√

5
[1 + 3 cos 2θ̂] |∆h| ,

aA
21 = −(aA

2−1)
∗ = −

√
π

30
e−iφ̂ sin 2θ̂ |∆h| ,

aA
22 = (aA

2−2)
∗ =

√
π

30
e−2iφ̂ sin2 θ̂ |∆h| . (2.48)

It is easy to show that the anisotropy quadrupole according to (2.44) is
still given by (2.45) since h is scalar under rotations. Now, assuming that
the coefficients aI

2m only differ one from each other in a phase factor we
can write:

aI
20 =

√
π

3
eiα1 QI ,

aI
21 = −(aI

2−1)
∗ =

√
π

3
eiα2 QI ,

aI
22 = (aI

2−2)
∗ =

√
π

3
eiα3 QI . (2.49)

which is justified because the standard inflation fluctuations are statisti-
cally isotropic. Then, the total quadrupole can be expressed as:

Q2
T = Q2

A + Q2
I − 2 f QAQI (2.50)

where f is a function depending on the direction of the velocities (θ̂, φ̂)
and the phase factors αi of the coefficients aI

2m, and whose expression is:

f =
1

4
√

5

[
2
√

6
[− sin θ̂ cos(2φ̂ + α3) + 2 cos θ̂ cos(φ̂ + α2)

]
sin θ̂

− (1 + 3 cos(2θ̂)) cos α1
]

. (2.51)

This function takes values such that:

| f | ≤ f̄ =

√
39 + 6

√
6 +

√
6− 1

4
√

5
. (2.52)

Since the values of the phases αi are random, the total quadrupole lies
between Q2

+ and Q2−, being:

Q2± = Q2
A + Q2

I ± 2 f̄ QAQI (2.53)
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with f̄ the maximum of f .

The observed quadrupole from WMAP [87, 88] is given by (δT)2
obs =

236+560
−137 µK2 at the 68% C.L. or (δT)2

obs = 236+3591
−182 µK2 at the 95% C.L.

These results define the corresponding 68% C.L or 95% C.L. intervals for
the measured temperature fluctuations that we denote: ((δT)2

min, (δT)2
max).

For the theoretical quadrupole temperature interval ((δT)2−, (δT)2
+), ob-

tained from (2.53), to be compatible with observations, we therefore re-
quire (δT)2

max >∼ (δT)2− and (δT)2
min <∼ (δT)2

+. Using (2.53) these two
conditions impose limits on (δTA)2 once the value of (δT)2

I is fixed.

Let us first assume that inflation alone is able to account for the ob-
served quadrupole, i.e., (δT)2

I ' 236µK2, then the first condition (δT)2
max >∼

(δT)2− is automatically satisfied, because the minimum of (δT)2
+, as a

function of δTA, is (δT)2
I which is larger than (δT)2

min. Therefore, we ob-
tain bounds on δTA just from the second condition above, which are given
by:

0 µK2 <∼ (δTA)2 <∼ 1861 µK2 68% C.L.

0 µK2 <∼ (δTA)2 <∼ 5909 µK2 95% C.L. (2.54)

These constraints lead to the following limits in the growth of the degree
of anisotropy:

0 <∼ |∆h| <∼ 6.92× 10−5 68% C.L.

0 <∼ |∆h| <∼ 1.23× 10−4 95% C.L. (2.55)

However, it is well-known that the predictions of standard inflation,
calculated from an almost flat spectrum of density perturbations, is larger
than the central value of the measured quadrupole, in particular [55]:
(δT)2

I ' 1252µK2. In such a case the anisotropic contribution could help
reducing the value of the quadrupole for certain values of the phases and
fluid velocities. Once again the first condition is automatically satisfied,
and the second condition yields:

54 µK2 <∼ (δTA)2 <∼ 3857 µK2 68% C.L.

0 µK2 <∼ (δTA)2 <∼ 9256 µK2 95% C.L. (2.56)

or, in terms of the degree of anisotropy growth:

1.18× 10−5 <∼ |∆h| <∼ 9.96× 10−5 68% C.L.

0 <∼ |∆h| <∼ 1.54× 10−4 95% C.L. (2.57)
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Notice that the 95% confidence interval includes the standard prediction
from inflation and for that reason the lower limit vanishes in that case in
(2.56). According to these results, for certain orientations of the veloci-
ties and the values of the phase factors, QA could lower the value of the
quadrupole and make it compatible with the observed one even at the 1σ
level. Now, since the initial conditions for the velocities directions (θ̂, φ̂)
and the phase factors αi are random, we can simulate different realiza-
tions for the total quadrupole and thus compute the likelihood of hav-
ing a total quadrupole as low as the measured one with the anisotropic
contribution in addition to the standard isotropic contribution generated
during inflation as a function of the model-dependent parameter ∆h. In
Fig. 2.2 we show the resulting probability distribution which peaks at
∆h ' 3.5× 10−5 with a probability of ' 7%.

Finally, we would like to comment on the fact that the total quadrupole
has a preferred axis which happens to coincide with the direction of the
velocities and, as a consequence, with that of the dipole. Therefore, a
moving dark energy model could also shed some light on the so-called
axis of evil problem [89, 90]. Although this anomaly usually refers to the
observed alignment of the ` = 2− 5 multipoles, there are also evidence
that the axis of such alignment is correlated with the dipole direction at
more than 99% C.L. [91, 92]. Since moving dark energy gives a common
physical mechanism for both the dipole and quadrupole contributions,
it is expected to have correlations among them. The solution of the low
quadrupole problem arises because the relative motion of the fluids gen-
erates a certain degree of anisotropy which is seen by the photons coming
from the last scattering surface and acquire a quadrupolar anisotropy. In
a frame with the z-axis pointing along the fluids motions, the power of
the quadrupole given by the generated anisotropy is zonal, i.e., it is con-
centrated in the m = 0 component so that it gives rise to a cylindrical
contribution. However, we still have to add the standard isotropic fluctu-
ation generated during inflation, whose components are all comparable.
Then, if we add linearly both contributions in such a way that the result-
ing quadrupole is lower than the inflationary one, the suppression has to
take place for the m = 0 component and, therefore, the total quadrupole
will be non-cylindrical.

In the following we shall compare the limits obtained above with the
predictions from several dark energy models, but before that we need to
extend our calculations beyond the perturbative regime.
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Figure 2.2: Likelihood of having a quadrupole within the 1σ interval of the
observed one as a function of the parameter ∆h, which contains the information
about the dark energy model.

2.7 Fast-moving fluids: exact equations

In the previous Section we have studied the problem of how the quadrupo-
le is affected by the fact that dark energy does not share a common rest
frame with matter and radiation. To that end, we have used cosmological
perturbation theory to compute the metric perturbations by means of the
simple formula (2.38), valid when the velocities are small. Such formula
could also be reasonably useful for high initial velocities provided they
decay in time and rapidly reach the perturbative regime. If we look at Eq.
(2.39) we conclude that this condition is satisfied if wα < 1

3 . Moreover, if
wα = 1

3 , as in the radiation case, the velocity is constant so we just need to
have a small initial velocity. However, some models have been proposed
in which the total energy density of the Universe could contain in certain
epochs a non-negligible contribution of fluids with equation of state such
that wα > 1

3 . This is for instance the case of stiff-fluid cosmologies or
some tracking dark energy models. In those cases the velocities grow in
time, perturbation theory will eventually breaks down at some point and
it becomes necessary to solve the exact problem.
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In order to simplify the equations in this case, we shall change the
gauge used so far by one in which g00 = 1 and keeping the condition
g0i = 0, i.e., we shall perform the calculations in the CCM rest frame.
Moreover, we shall also assume that the fluids are moving along the z-axis
with no rotation which means that axial symmetry still holds. The most
general metric having that symmetry with the explained gauge choice
can be written as follows:

ds2 = dt2 − a2
⊥(dx2 + dy2)− a2

‖dz2 (2.58)

which corresponds to the axisymmetric Bianchi I metric. On the other
hand, the energy-momentum tensor for each fluid reads:

T 0
α 0 = γ2

α (ρα + pα)− pα,

T i
α 0 = γ2

α (ρα + pα) vzαδiz,
T 0

α i = −γ2
α (ρα + pα) a2

‖vzαδiz,

T i
α j = −γ2

α (ρα + pα) a2
‖v2

zαδizδjz − pαδi
j. (2.59)

Note that the velocities appearing in these expressions are no longer the
same as those of the previous sections since, here, we have defined them
as derivatives with respect to the time t not with respect to η. However,
it is easy to translate these velocities into the others just by defining a

mean scale factor a ≡ 3
√

a2
⊥a‖ because dt ' adη and, therefore, dxi

dη ' a dxi

dt ,
which is a good approximation in the perturbative regime. Moreover, we
have to notice that for an appropriate definition of fluid velocity, we have
to rescale V ≡ a‖v, so that V2 ≤ 1.

Now, it is convenient to introduce the rapidity variables θα defined by
cosh θα = γα so that the equations adopt a simpler structure. Velocities
are related to θα by means of tanh θα = a‖vα. With these new variables,
the Einstein equations from (2.58) and (2.59) take the form:

H2
⊥ + 2H⊥H‖ = 8πG ∑

α

(
cosh2 θα + wα sinh2 θα

)
ρα,

(2.60)

Ḣ⊥ + Ḣ‖ + H2
⊥ + H2

‖ + H⊥H‖ = −8πG ∑
α

pα, (2.61)

2Ḣ⊥ + 3H2
⊥ = −8πG ∑

α

(
wα cosh2 θα + sinh2 θα

)
ρα,

(2.62)
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where ˙≡ d
dt and H⊥ ≡ ȧ⊥/a⊥, H‖ ≡ ȧ‖/a‖ are the transverse and longi-

tudinal expansion rates respectively. These equations reduce to the Fried-
mann ones when a⊥ = a‖ and vzα = 0. Again, as in the perturbative
case, we need some extra equations to close the problem which are those
given by the independent energy-momentum tensor conservation. These
equations can be written as follows:

v̇zα = −
(
(wα − 1) cosh2 θα − 1

)
H‖ + 2wαH⊥

(wα − 1) cosh2 θα − wα

vzα, (2.63)

ρ̇α =
(1 + wα)

(
H‖ + 2H⊥ cosh2 θα

)

(wα − 1) cosh2 θα − wα

ρα. (2.64)

Besides, one can find the following equations for the evolution of θα:

θ̇α = − (wα − 1)H‖ + 2wαH⊥
(wα − 1) cosh2 θα − wα

sinh θα cosh θα. (2.65)

The spatial geodesic equations for the metric considered are:

d2x
dλ2 + 2H⊥

dt
dλ

dx
dλ

= 0,

d2y
dλ2 + 2H⊥

dt
dλ

dy
dλ

= 0,

d2z
dλ2 + 2H‖

dt
dλ

dz
dλ

= 0, (2.66)

where λ is an affine parameter. The first integral for these equations is
given by:

d~r
dλ

=

(
nx

a2
⊥

,
ny

a2
⊥

,
nz

a2
‖

)
(2.67)

being ~r = (x, y, z) and the integration constants can be chosen for sim-
plicity in such a way that ~n2 = 1. Moreover, from the condition of null
geodesic we get:

dt
dλ

=

√√√√n2
⊥

a2
⊥

+
n2
‖

a2
‖

(2.68)
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with n2
⊥ = n2

x + n2
y and n2

‖ = n2
z. Then, for an observer with velocity

uµ = γ(1,~v) the energy of the photon is:

E = γE




√√√√n2
⊥

a2
⊥

+
n2
‖

a2
‖
−~n ·~v


 (2.69)

and the corresponding temperature fluctuation reads:

δT
T

=
γ0 a0

γdec adec

√
n2
⊥

a2
⊥0

+
n2
‖

a2
‖0
−~n ·~v0

√
n2
⊥

a2
⊥dec

+
n2
‖

a2
‖dec
−~n ·~vdec

− 1 (2.70)

where again the indices 0 and dec denote the present and decoupling
times respectively.

2.8 Model examples

2.8.1 Constant equation of state

The simplest dark energy model we will consider is that corresponding
to a fluid with constant equation of state wDE ' −1. Note that in the
case wDE = −1, i.e. pure cosmological constant, dark energy does not
contribute to the center of mass velocity (2.7) and, therefore, the center of
mass frame agrees with the radiation frame. This means that all the fluids
would share a common rest frame and no effects on the CMB would be
possible. When wDE is close to −1, the velocity of dark energy scales as
∼ a−4 and its energy density is nearly constant (see Fig. 2.3). Since dark
energy velocity decreases very fast, its contribution to the quadrupole is
very small. Besides, the velocity of radiation (and therefore that of matter)
is determined by the initial dark energy velocity and the gauge condition
(2.29) as:

~vR =
1 + wDE

1 + wR

ΩDE

ΩR
a4∗~v∗DE. (2.71)

where ~v∗DE is the initial dark energy velocity. Taking ΩDE = 0.73, ΩR =
8.18 × 10−5, wDE = −0.97 and a∗ ∼ 10−6, we get ~vR ' 2 × 10−22~v∗DE.
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Figure 2.3: Evolution of densities and velocities in a model with constant equa-
tion of state as described in the text. Continuous line (blue) for dark energy,
dashed-dotted (red) for radiation, dotted (cyan) for dark matter and dashed
(green) for baryonic matter. On the left baryonic and dark matter are added
together and plotted in dashed (green). Notice that in this plot dark matter is
assumed to decouple at z ' 105.

The value of a∗ taken corresponds to a favorable case since lower values
would lead to much lower velocities of radiation and matter. Then, even
for initial velocities of dark energy close to 1, the velocities of matter
and radiation are extremely small, which means that the three fluids are
very nearly at rest in the cosmic center of mass frame. That way, the
quadrupole generated in this model is totally negligible.

2.8.2 Scaling models

As explained in the first Chapter, scaling models are those with an equa-
tion of state such that dark energy mimics the dominant component of
the Universe throughout most of the expansion history. Thus, dark en-
ergy evolves as radiation before matter-radiation equality and as matter
after that. However, in order to explain the accelerated expansion of the
Universe, dark energy has to exit from that regime and join into one with
wDE < −1/3 at some point. Then, the evolution of the dark energy den-
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sity is given by:

ρDE =





ρDE 0 a−3wDE
T aeqa−4 a < aeq

ρDE 0 a−3wDE
T a−3 aeq < a < aT

ρDE 0 a−3(wDE+1) a > aT

(2.72)

where as commented before, aT is the scale factor when dark energy
leaves the scaling regime and ρDE 0 is the present value of the dark energy
density.

In the evolution of dark energy velocity, we have to take into account
the momentum conservation equation given (to first order) by (2.16). This
equation implies that the dark energy velocity must be discontinuous
at the transition points since the equation of state jumps at those times
whereas the quantity a4(1 + wDE)ρDE~vDE is constant, being ρDE continu-
ous. With this in mind, we get the following evolution for dark energy
velocity:

~vDE =





~v∗DE a < aeq

4
3 aeqa−1~v∗DE aeq < a < aT

4aeqa−3wDE
T

3(1+wDE) a3wDE−1~v∗DE a > aT

. (2.73)

The discontinuities in the velocity arise because we are considering abrupt
changes in the equation of state. If these changes were smooth, the re-
sults would be essentially unaffected since the final values of the velocities
would remain those in (2.73). In Fig. 2.4, we show the evolution of the
energy densities and velocities for a typical scaling model.

We can see from the previous expression that, in the second transition,
the closer wDE is to −1, the more the velocity grows after the transition.
The case wDE = −1 is not divergent because, if that was the case, the
conservation equation would become trivial and the velocity evolution
got from (2.39) would not make sense anymore.

In these scaling models, the first transition can be set at the matter-
radiation equality and the second one must be chosen such that we get
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Figure 2.4: Densities and velocities evolution in a scaling model with v∗DE = 0.1
and ε = 0.1. As in the previous figure, the continuous line (blue) is for dark
energy, dashed-dotted (red) for radiation, dotted (cyan) for dark matter and
dashed (green) for baryonic matter. On the left baryonic and dark matter are
added together and plotted in dashed (green). Notice that in this plot dark
matter is also assumed to decouple at z ' 105 and a∗ = 10−10.

the observed dark energy density today. Moreover, the initial velocity of
radiation, and therefore that of matter, is fixed by the initial velocity of
dark energy via the gauge condition (2.29). Because matter is subdomi-
nant with respect to radiation before equality, the matter contribution in
(2.29) can be neglected and we obtain that:

~v∗R = −ε~v∗DE (2.74)

where ε ≡ ρDE(a∗)/ρR(a∗) is the initial dark energy density fraction
(neglecting the matter contribution). Notice that this fraction does not
depend on a∗, because dark energy scales as radiation in the radiation
dominated era. Then, we can obtain a relation between aT and ε just
by computing that quotient from the known expressions for the energy
densities evolutions of each fluid. When doing that it results:

aT =
[

ΩDEaeq

ΩRε

] 1
3wDE

. (2.75)

Since we need wDE(zT) < −1/3 in order to have accelerated expan-
sion, we see from the previous formula that aT grows as ε grows, more
precisely if we take wDE(z < zT) = −0.97, then aT ∝ ε0.34. Since primor-
dial nucleosynthesis imposes an upper limit on ε, we can establish also
an upper limit on aT just by setting the maximum value of ε on (2.75).
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Figure 2.5: Evolution of metric perturbations due to each fluid in a scaling
model with ε = 0.1 and v∗ = 0.1. We can see that the largest contribution comes
from dark energy (continuous blue line) and matter (dashed green) essentially
does not contribute. Radiation is shown with a dashed-dotted (red) line.

This maximum value is εmax ' 0.2, (see for instance [93]) so we get the
constraint aT <∼ 0.41 for this kind of scaling models where we have taken
ΩDE = 0.73, ΩR = 8.18× 10−5 and aeq = 1

3300 .

By inserting the corresponding values for the densities and velocities
of the four fluids, as well as the equation of state considered into (2.41),
we can compute the quadrupole produced by the relative motion of the
fluids. For our calculations we shall take ΩB = 0.046, ΩDM = 0.23,
adec = 1

1100 and wDE(z < zT) = −0.97 and the values given above. Fig.
2.5 shows the evolution of the contribution of each fluid to the metric
perturbation hα. We can see that the typical behavior is a rapid growth
during the radiation era to reach finally a slightly growing regime in the
matter era (notice that the dependence on a∗ is only logarithmic). In spite
of the fact that the perturbation is O(v∗ 2

DE), the quadrupole is expected to
be smaller because h barely grows in the epoch since decoupling to today
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and, as we mentioned in Section 2.6, the quadrupole is essentially given
by the growth of the perturbation during that epoch.

The quadrupole produced by scaling models is fixed by two parame-
ters: the initial velocity v∗DE and the initial energy ratio ε of dark energy. It
is easy to see from (2.41) that hα and, therefore the quadrupole, is propor-
tional to v∗ 2

DE. Obviously, this dependence is valid just for small velocities
since when we consider velocities close to the speed of light we have to
take into account relativistic effects. The dependence of the quadrupole
on ε can be found to be linear for ε <∼ 0.07 with a slope 0.44 so we can
conclude that the quadrupole is very well approximated by the simple
expression:

QA ' 0.44 ε v∗ 2
DE. (2.76)

As commented before, this expression is valid only for small velocities.
According to the bounds on the quadrupole obtained in (2.54) and (2.56),
there are allowed regions in the parameter space (ε, v∗DE), which from
(2.76) are limited by the curves ε = k±/v2∗ where the constants k± corre-
spond to the upper and lower limits on QA. In Fig. 2.6 we show these
regions obtained numerically with the exact equations. As we said above,
the second order calculation is a good approximation for velocities lower
than 0.1. However, when the velocities are large (close to 1) values of ε
<∼ O(10−6) are necessary in order to explain the observed quadrupole.
Notice once again that these regions have been obtained in the case in
which the measured quadrupole has two contributions, one coming from
inflation and a second contribution coming from the fluids motion. Since
v∗DE relates to radiation velocity through (2.74) as follows: vR = ε v∗DE
we can express the quadrupole as QA ' 0.44 v2

R ε−1 ' 1.23× 10−6ε−1 or,
equivalently, we have that ∆h ' 5.32× 10−6ε−1, where we have assumed
that the total bulk flow is due to the motion of the fluids and we have
taken the velocity of radiation to be vR ' 500 km/s = 1.67× 10−3c in the
CCM rest frame. Therefore, constraints (2.57) read:

7.69× 10−2 <∼ ε <∼ 0.2 68% C.L.

4.32× 10−2 <∼ ε <∼ 0.2 95% C.L. (2.77)

where the upper limit comes from primordial nucleosynthesis, as com-
mented before. Therefore, in this kind of models it is possible to explain
the presence of the matter bulk flow from the dark energy motion in a
compatible way with the measurements of the CMB quadrupole.

To end this Section we shall show why we can neglect the third term
in (2.28) with respect to that containing the metric perturbation hij. Let
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Figure 2.6: Exclusion plot in the parameter space (ε, v∗DE) for a scaling dark
energy model. The allowed region corresponds to the limits given in (2.54).
The dark (red) strip corresponds to the regions for which QA could explain the
observed quadrupole at the 68% C.L. according to (2.56)

us recall that term:

(~v ·~n)|0dec(~vdec ·~n). (2.78)

The first factor in this expression is nothing but the dipole which is
∼ 10−3. The second factor contains the velocity of the observer at de-
coupling time which coincides with matter velocity (and therefore with
that of radiation) at that moment. Then, if we recall the relation (2.74)
between radiation and dark energy velocities, we find that this term is
∼ 10−3ε v∗DE. On the other hand, the last term in (2.28) is ∼ ε v∗ 2

DE as we
have just seen above. Hence, if we call Qv and Qh to the last two terms
in (2.28) respectively we have that Qh ∼ 103 v∗DE Qv and we see that Qv
will be larger than Qh only for v∗DE < 10−3. However, in such a case the
contribution to the quadrupole is <∼ 10−6ε which is negligible.



2.8 Model examples 61

2.8.3 Tracking models

In this Section we would like to comment on the difficulties which can
appear in certain dark energy models when we consider perturbations in
the fluids velocities. In general, any model with a stiff stage in which its
equation of state satisfies w > 1

3 , would be unstable with respect to ve-
locity perturbations according to (2.39). This could be the case of certain
tracking models. These are models in which the energy density of dark
energy follows a common evolutionary track for a wide range of initial
conditions. This attractor behavior makes this kind of models an inter-
esting alternative to a cosmological constant since they alleviate the so
called coincidence problem. Unlike scaling models, in this case dark en-
ergy does not necessarily mimics the dominant component. In the model
proposed in [94] the equation of state is initially close to 1, then it changes
to −1 and, finally, it oscillates around −0.2.

Fig. 2.7 shows a typical behavior when w > 1
3 : first the velocity pertur-

bation (defined as V ≡ a‖v) grows according to (2.39) and asymptotically
approaches 1. We can understand this from the exact conservation equa-
tions (2.63) by taking the ultrarelativistic limit θ À 1. This yields the

Figure 2.7: Densities and velocities evolution in a typical tracking model with
an initial equation of state wDE = 0.9, which changes to wDE = −1 and then
to wDE ∼ −0.2. The continuous line (blue) is for dark energy in the model
with moving dark energy, whereas the blue dotted line is for static dark energy,
dashed-dotted (red) for radiation, dashed (green) for baryonic and dark matter.
We see that when VDE reaches 1, the corresponding density begins falling too
fast to be able to recover the present value for ΩDE.
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solutions:

v = v0a−1
‖ ,

ρ = ρ0a
−2 1+w

1−w
⊥ . (2.79)

This means that V ' 1 is a solution of the equations. In addition, the
energy density for w > 1/3 falls very fast with the expansion when com-
pared with the usual behavior ρ = ρ0a−3(1+w). In addition, γ2ρ, which
is the quantity that contributes to the Hubble rate in (2.60), decays as
(a‖a⊥)−2, once the fluid reaches the ultra-relativistic regime, regardless
the value of w.

In the limiting case of stiff fluids with w = 1, it is possible to obtain
exact solutions. Thus the velocity perturbation and the energy density
are:

V = V0a2
⊥,

ρ = ρ0
e−4

∫
H⊥ cosh2 θdt

a2
‖

. (2.80)

Thus, the velocity of the fluid grows as a2
⊥ until it reaches the speed of

light in a finite time and the density falls to zero at the same time because
θ becomes infinity at that moment. From that time on, the fluid will keep
moving at the speed of light with vanishing energy density. Notice that γ
becomes infinity in such a way that the momentum is conserved i.e. the
matching between the two regimes must be taken so that γ2ρ is finite and
continuous. In any case, we see that when the velocity is high enough
the density falls to zero and, the closer is w to one, the faster is the fall
of the density, so that we cannot recover the present value for the dark
energy density. Notice that this general behavior is independent of the
value of the initial velocity and, accordingly, even in models in which all
the fluids are initially at rest, a small perturbation in the velocity could
change dramatically the final values of the densities, unless fine tunings
of the transition redshifts are introduced.

2.8.4 Null dark energy

In this Section we shall study the case in which dark energy behaves as a
null fluid, whose energy-momentum tensor reads:

Tµν
N = (ρN + pN)lµlν − pN gµν (2.81)
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with lµ a null vector given, in the Bianchi type I metric (2.58), by lµ =
(1, 0, 0, a−1

‖ ). For this kind of fluid, the conservation of energy and mo-
mentum can be expressed as follows:

0 = ṗN, (2.82)
0 = (ρ̇N + ṗN) + 2(H‖ + H⊥)(ρN + pN). (2.83)

These equations imply that the pressure is constant and that the combi-
nation (ρN + pN) scales as (a‖a⊥)−2, so that the energy density is given
by ρN = ρN0(a‖a⊥)−2 − pN0 where pN0 and ρN0 are constants of inte-
gration. Since the anisotropy is expected to be small, the energy density
of this fluid behaves as radiation during the early epoch and as a cos-
mological constant with energy density −pN0 at late times. Now, if we
require ρN to be positive at all times, we conclude that the pressure must
be negative, as corresponds to a cosmological constant. Notice that this
is a general result for any null fluid whose energy-momentum tensor is
given by (2.81). The transition between both regimes can be easily calcu-
lated and it is given by aT ' (− ρN0

pN0
)1/4. Since pN0 = −0.73ρc0, where ρc0

is the critical density today, we have that aT = 0.1ε1/4 where ε ≡ ρN0
ρR0

is
the ratio of dark energy density with respect to radiation which is almost
constant. Besides, this ratio is also the initial contribution of dark energy
to the total energy density which has an upper limit imposed by primor-
dial nucleosynthesis. Taking once again εmax <∼ 0.2, we have an upper
limit on the transition given by: aT <∼ 2× 10−2.

The exact Einstein equations in this case are:

H2
⊥ + 2H⊥H‖ = 8πG ∑

α

(
cosh2 θα + wα sinh2 θα

)
ρα

+8πGρN, (2.84)
Ḣ⊥ + Ḣ‖ + H2

⊥ + H2
‖ + H⊥H‖ = −8πG ∑

α

pα − 8πGpN, (2.85)

2Ḣ⊥ + 3H2
⊥ = −8πG ∑

α

(
wα cosh2 θα + sinh2 θα

)
ρα

−8πG(ρN + 2pN), (2.86)

where now α = B, DM, R. Moreover, we still have the gauge condition
~S = 0 which yields the following constraint:

∑
α

γ2
α(ρα + pα)vα + (ρN + pN) = 0. (2.87)
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In the radiation-dominated era we can neglect the contribution of matter
(dark matter and baryons) to the latter sum, so we get:

γ2
RvR = −ρN + pN

ρR + pR
(2.88)

Since, in that epoch, dark energy must be subdominant with respect to
radiation, the quotient on the RHS is small and, therefore, the velocity
of radiation is also small. This allows us to consider the perturbative
regimen in the velocities (except, obviously for the null fluid).

Therefore, if we assume that the anisotropy generated is small we can
set the following form for a‖ and a⊥:

a⊥ = a(1 + δ⊥),
a‖ = a(1 + δ‖). (2.89)

With this ansatz it is easy to see that h = 2(δ‖ − δ⊥). Then, inserting
(2.89) in (2.86) and expanding up to first order in δ’s and vα we can get
the following equation for h:

d
dt

(
a3 dh

dt

)
= 2a3(ρN + pN). (2.90)

This equation can be easily solved by means of two direct integrations
and its solution can be expressed as follows:

h = 6
∫ a

a∗

1
ã4

[∫ â

a∗
â2(ρN + pN)

dâ√
∑α ρα

]
dã√
∑α ρα

. (2.91)

In principle, the problem is not solved yet since ρN + pN depends on δ‖
and δ⊥. However, we can consider the lowest order in this quantity, i.e.,
ρN + pN = ρN0a−4 to obtain the dominant contribution to the quadrupole.
This is justified because ρN0

ρR0
is of the same order as vR as we can see from

(2.88). We have to note that, to this order, the quadrupole depends just on
the null fluid because the first contribution to the anisotropy due to the
rest of fluids is of second order in the velocities, whereas the null fluid
contributes to first order. In Fig. 2.8 we plot the evolution of the fluids
densities and h function for a null fluid with ε = 5× 10−6.

In this model we only have one free parameter: ρN0 or, equivalently,
ε ≡ ρN0

ρR0
, so we can get bounds on ε just from (2.54) and (2.56). Besides,

the quadrupole is linear in ε, as we see looking at (2.91), more precisely
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Figure 2.8: Left: densities evolution for a null fluid with ε = 5× 10−6. Matter
is plotted with dashed (green) line, dotted-dashed (red) for radiation and con-
tinuous (blue) line for dark energy. We see that the null fluid behaves as in a
scaling model except during the matter dominated epoch. Right: evolution of
h showing that the anisotropy grows up to a maximum value where it remains
nearly constant.

we have that the quadrupole is given by: QA ' 2.58 ε. Now again the
contribution from the term Qv given by (2.78) is negligible compared with
QA since Qv ' 10−3ε.

This expression is nearly independent of a∗ because the quadrupole
depends on the difference h0 − hdec which is not very sensitive to the
time at which we set the initial conditions. Comparing the expression
obtained for the quadrupole with the previous bounds, we get that the
allowed region in (2.54) corresponds to:

ε <∼ 6.1× 10−6 68% C.L.

ε <∼ 1.1× 10−5 95% C.L. (2.92)

whereas for:

1× 10−6 <∼ ε <∼ 8.8× 10−6 68% C.L.

0 <∼ ε <∼ 1.4× 10−5 95% C.L. (2.93)

the null fluid could make the predicted quadrupole to agree with obser-
vations, as shown in (2.56).
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2.9 Conclusions and discussion

In this Chapter we have studied homogeneous models of dark energy in
which the rest frame of the different fluids can differ from each other.
Within this framework, the large scale bulk flows detected in [79] and
[81] can be naturally explained because the presence of a dark com-
ponent moving at the time when photons and baryons decouple allow
them to acquire a global relative motion. We have considered the evo-
lution of slow-moving and fast-moving fluids and shown that, starting
from an initially isotropic Universe, the fluids motions can generate an
anisotropic expansion in which the degree of anisotropy typically grows
in time. Such anisotropies have been shown to contribute mainly to both
the CMB dipole and quadrupole, being the contributions to higher mul-
tipoles negligible because the effect to the `th multipole scales as |~v|` so
the effect decreases very rapidly as we go to higher multipoles due to the
smallness of the velocities. We apply those results to some dark energy
models and find that in models with constant equation of state, even for
initial velocities of dark energy close to the speed of light, throughout
the matter era all the fluids would practically share a common rest frame
so that they cannot account for the large scale peculiar velocities and no
effects on the quadrupole are expected. However, in the case of scaling
models it has been shown that the anisotropy grows during the radiation
era and reaches a nearly constant value during matter domination. The
effect on the CMB quadrupole can be relevant and bounds on the velocity
and initial fraction of dark energy can be found. We have also found that
for models with an initial stage in which the equation of state is stiffer
than radiation, as for instance in some tracking models, the velocity ap-
proaches the speed of light whereas the energy density decays faster than
in the case in which dark energy is at rest with respect to matter and
radiation. This fact spoils the predictions of those models for the density
parameters at late times. Finally we have considered also fluids moving
at the speed of light and found that generically they behave as a cosmo-
logical constant at late time, provided their energy density is positive at
all times, whereas they act as radiation at early times. The contribution
to the quadrupole is also used to set limits on the relative contribution of
dark energy in the radiation dominated era.

The scenario considered here with moving fluids leads to axisymmet-
ric Bianchi I metrics as those arising in other contexts. For instance, in [55]
the anisotropy arises from the presence of magnetic fields that produce
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an ellipsoidal Universe at the decoupling time and, then, it isotropizes
as the Universe expands. However, unlike that model with decaying
anisotropies, the motion of dark energy supports the anisotropies which
could have a non-negligible value today.

To summarize, we can say that the observed large scale bulk flows
can be explained within the context of moving dark energy models and
that the presence of relative motions between the different components of
the Universe leads to interpret the CMB dipole as caused by the relative
motion of the CMB photons and the cosmic center of mass rest frame. Fi-
nally, we have obtained the constraints imposed by the CMB anisotropies
on the amplitude of these relative motions.
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Chapter 3

Cosmology in vector-tensor
theories of gravity

3.1 Introduction

In the previous Chapter we have studied the possibility of having a dark
energy component with a relative motion with respect to the rest of com-
ponents of the Universe. However, our study was made on the pure phe-
nomenological basis of effectively describing the dark energy component
as a perfect fluid. In other words, we have considered the potential effects
of having dark energy carrying a non-vanishing homogeneous density of
momentum, i.e., T0i

DE 6= 0. The following step in this research line would
be to try to build a theoretical model realizing the fact of having moving
dark energy. Obviously, this cannot be achieved on the grounds of scalar
fields because there is no way of constructing a T0i component with a
homogeneous scalar field, being necessary the existence of gradients to
have such kind of components.

A natural candidate giving rise to moving dark energy that one would
immediately think of is a vector field because it would be possible, in
principle, to have a homogeneous T0i thanks to the presence of spatial
components of the vector field that can pick up a determined direction
without the need of any gradients. This was our first motivation to study
the so-called vector-tensor theories of gravity in which the gravitational
interaction is described by a vector field in addition to the metric ten-
sor. Unfortunately, as we shall show, this is not the case in the context of
pure vector-tensor theories because T0i vanishes identically over the vec-
tor field equations of motion in the homogeneous case. Nonetheless, even
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though this was our initial motivation to consider vector-tensor theories
of gravity as dark energy candidates, it turns out that they offer a very
rich variety of cosmologies and give rise to some interesting models that
might help solving some of the fundamental problems arising in Mod-
ern Cosmology. At this respect we can mention the anomalies discovered
in the CMB that may suggest the presence of a preferred direction in
the Universe. Moreover, the presence of vector fields over cosmological
scales could also help understanding the large scale bulk flows discussed
in the precedent Chapter because they contain a support for vector per-
turbations which is absent in the standard ΛCDM as well as in the dark
energy models based on scalar fields. Finally, vector fields also offer the
possibility of alleviating the coincidence problem or even propose a sat-
isfactory solution, as we shall show in the last Chapters of this thesis.

The study of vector-tensor theories to describe the gravitational inter-
action as alternatives to GR started long time ago with the works by Will,
Nordtvedt and Hellings [95, 96, 97] in the early 70’s as candidates to pro-
duce preferred frame effects. After these pioneering works, vector-tensor
theories were abandoned because gravitational experiments seemed to
rule out such preferred frame effects. Moreover, fluctuations of the vec-
tor field could be either timelike or spacelike so that those models were
generally thought to be plagued by instabilities.

A special class of vector-tensor theories reemerged due to the increas-
ing interest in models with Lorentz violation [98, 99, 100, 101, 102, 103]
where the breaking of Lorentz invariance was achieved by the presence
of a vector field with a non-vanishing vacuum expectation value. In this
sort of models, the norm of the vector field was forced to be constant
by means of a Lagrange multiplier so that the vector field is constrained
to be either time-like or space-like depending on the sign of the norm.
Moreover, some of these models are free of instabilities as it was shown
in [104]. A detailed study on the stability of the ether models (as they are
generally called) was done in [105] and it was shown that there is only
one stable model, which was further studied in [106]. Another interesting
result of this work is that the Lagrange multiplier cannot be considered
as the limit of a given potential because, in that case, a ghost-like degree
of freedom shows up and makes the theory unstable.

More recently, after the discovery of the accelerated expansion of the
Universe, cosmological vector fields have received some attention as pos-
sible candidates for dark energy. In [107], an extension of Maxwell electro-
dynamics by including an inverse power of the field strength in the action
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was considered and it was shown that such a model leads to accelerated
expansion with w < −1 and the Universe ending in a future Big Rip
singularity. A time-like vector field with a non-standard kinetic term of
the Maxwell type and with a potential was proposed in [108]. The prob-
lem of using the standard Maxwell kinetic term for the vector field lies in
the fact that the temporal component of those models in a homogeneous
background becomes trivial, so that they cannot give rise to homogeneous
and isotropic accelerated solutions because only the spatial components
are true dynamical degrees of freedom and they will produce a certain
anisotropy in the case that the expansion of the Universe is governed by
them. This difficulty was avoided in [109] by introducing three mutually
orthogonal vector fields with standard kinetic terms and in the presence
of some potential. This ensemble of vector fields, called triad, allows the
total energy-momentum tensor corresponding to the triad to be isotropic,
even though the energy-momentum tensor of each vector field is not. One
may think that this is an extremely special configuration for a set of three
vector fields. However, if we consider a set of N vector fields pointing
along random spatial directions, we may expect to have a very approxi-
mate isotropic situation provided N is sufficiently large. In any case, one
important result obtained in [110] shows that this model (among others in
which one spatial component of the vector field acquires a non-vanishing
vacuum expectation value) presents instabilities. A model based on a
massive vector field with standard kinetic term and including couplings
of the vector field to the curvature was proposed in [111]. The presence of
couplings to the curvature prevents the temporal component to become
trivial and, indeed, it can drive an accelerated expansion era. Several vec-
tor field models, including couplings to curvature through Gauss-Bonnet
terms, are extensively studied in [112] as candidates to produce accele-
rated expansion for both the time-like and the space-like cases. Again,
these models usually present instabilities and fine-tuning problems.

Finally, vector fields are not exclusive of dark energy models builders,
but they have also received attention in other branches of Cosmology.
Indeed, a vector field with the standard Maxwell action supplemented
with a suitable potential was already used in [113] as an alternative to
scalar fields for driving an inflationary epoch during the early Universe.
In this sense we can say that some of the dark energy models based on
vector fields could also be good candidates to produce an inflationary era
[112] because they both try to explain a phase with accelerated expansion.
Vector fields have also been used as dark matter candidates in the fully
covariant generalization of the MOND models with an action containing
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tensor, vector and scalar fields (TeVeS) [114, 115]. The generation of non-
singular cosmologies has also been shown to be possible by resorting to
vector fields [107]. The anomalies discovered in the CMB which seem
to indicate preferred directions have inspired the use of vector fields on
Cosmology as well.

As we have seen in the previous paragraphs, vector fields have been
extensively used in Cosmology. However, in spite of all the partial studies
on vector-tensor theories, there is not a systematic study of the cosmolo-
gical evolution, stability or compatibility with local gravity tests for these
models. In this Chapter and the following, we shall present such a de-
tailed study. We shall perform a classification of the models attending
to the evolution of the vector field during the different epochs of the
Universe history, namely, inflation, radiation dominated era and matter
dominated era. The case in which the vector field dominates the en-
ergy density is analyzed and the solutions with accelerated expansion
are identified. Moreover, we shall consider a universe filled with a matter
component in addition to the vector field and obtain the models giving
rise to late-time accelerated expansion.

This Chapter is based on the results contained in the paper:

• Cosmological evolution in vector-tensor theories of gravity. Jose Beltrán
Jiménez and Antonio L. Maroto. Physical Review D80, 063512 (2009).
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3.2 Generalities

We shall start by writing the most general action for a vector-tensor the-
ory without any other restriction apart from having second order linear
equations of motion [116]:

S[gµν, Aµ] =
∫

d4x
√−g

[
− 1

16πG
R + ωRAµ Aµ + σ̃Rµν Aµ Aν

+τ∇µ Aν∇µ Aν + εFµνFµν], (3.1)

with ω, σ̃, τ, ε dimensionless parameters and Fµν = ∂µ Aν − ∂ν Aµ. In the
so-called ther-Einstein models, the vector field norm is fixed by introduc-
ing a Lagrange multiplier in the action of the form λm(Aµ Aµ ± m2) so
that Aµ is constrained to be either timelike or spacelike. In other cases
(as those mentioned in the Introduction of this Chapter, the vector field
is supplied with a mass term or even more complicated potential terms.
However, throughout the present study we shall focus on vector-tensor
theories without Lagrange multipliers nor potential terms. The reason
for this restriction is that we want to deal with a theory without other
dimensional constants rather than the Newton constant. At this respect,
notice that the terms given in (3.1) are the only possibilities without intro-
ducing new scales in the theory and that give rise to linear equations of
motion for the vector field. If such an action is just a low energy limit of
some underlying theory, one would expect to have corrections involving
terms of dimension higher than 4 which would be suppressed by some
high scale M.

For subsequent calculations we shall work with an alternative form of
action (3.1) obtained via an integration by parts:

S[gµν, Aµ] =
∫

d4x
√−g

[
− 1

16πG
R + ωRAµ Aµ + σRµν Aµ Aν

+ λ(∇µ Aµ)2 + εFµνFµν
]

(3.2)

where the new parameters relate to the old ones as follows:

σ = σ̃− τ

λ = τ

ε =
2ε + τ

2
. (3.3)
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We prefer the new form of the action because it allows a more suggestive
interpretation for each term, namely: the ε-term is nothing but the U(1)
gauge invariant kinetic term for the vector field, the λ-term is analogous
to the gauge fixing term introduced in the electromagnetic quantization
and, finally, both the ω and σ terms are non-minimal couplings to gravity
and play the role of effective mass terms for the vector field driven by
gravity.

The gravitational equations obtained from action (3.2) by varying with
respect to the metric tensor can be written in the following way:

Gµν = 8πG
(

ωTω
µν + σTσ

µν + λTλ
µν + εTε

µν + TNG
µν

)
, (3.4)

where TNG
µν is the energy-momentum tensor corresponding to other fields

rather than Aµ (generally the inflaton, matter and radiation) and we have
defined:

Tω
µν = 2

[
¤A2gµν + A2Gµν + RAµ Aν −∇µ∇ν A2

]
,

Tσ
µν = gµν

[
∇α∇β

(
Aα Aβ

)
− Rαβ Aα Aβ

]
+ ¤

(
Aµ Aν

)− 2∇α∇(µ

(
Aν)Aα

)

+ 4Aα A(µRν)α,

Tλ
µν = gµν

[
(∇α Aα)2 + 2Aα∇α

(
∇β Aβ

)]
− 4A(µ∇ν) (∇α Aα) ,

Tε
µν = 4FµαF α

ν − gµνFαβFαβ,

TNG
µν =

2√−g
δSNG

δgµν , (3.5)

with ¤ = ∇µ∇µ, A2 = Aµ Aµ and brackets in a pair of indices denoting
symmetrization with respect to the corresponding indices.

Apart from the gravitational equations we can obtain a set of field
equations for Aµ by varying the action with respect to the vector field to
give:

2ε∇νFµν − λ∇µ(∇ν Aν) + ωRAµ + σRµ
ν Aν = 0. (3.6)
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Since we are interested in the cosmological evolution of the vector
field (especially as candidate for dark energy) we shall focus on the sim-
plest case in which the field is homogeneous, i.e., we shall study the
evolution of the Fourier zero mode of the vector field. Actually, this will
correspond to all Fourier modes whose physical wavelengths are much
larger than the Hubble radius (super-Hubble modes). In fact, this is the
relevant part of the field for the cosmological expansion evolution, al-
though the inhomogeneous part could also be very important for the
CMB anisotropies or structure formation. Besides, we shall choose the
spatial component of the field lying along the z-axis in such a way that
we can write Aµ = (A0(t), 0, 0, Az(t)) and, therefore, we have axial sym-
metry around that axis 1. Thus, the metric tensor will be appropriately
described by that of the axisymmetric Bianchi type I space-time:

ds2 = dt2 − a⊥(t)2
(

dx2 + dy2
)
− a‖(t)2dz2, (3.7)

where a⊥ and a‖ are the transverse and longitudinal scale factors respec-
tively. For this metric, the field equations read:

λ
[

Ä0 + (2H⊥ + H‖)Ȧ0

]
+ m2

A0
A0 = 0, (3.8)

2ε
[

Äz + (2H⊥ − H‖)Ȧz

]
+ m2

Az
Az = 0, (3.9)

with

m2
A0

=(2ω + σ)(2H2
⊥ + H2

‖)

+ (2ω + σ + λ)(2Ḣ⊥ + Ḣ‖) + 2ω(2H⊥H‖ + H2
⊥),

m2
Az

=2ω(3H2
⊥ + 2Ḣ⊥) + (2ω + σ)(Ḣ‖ + H2

‖ + 2H⊥H‖), (3.10)

where a dot stands for derivative with respect to the cosmic time t and
H‖ = ȧ‖/a‖ and H⊥ = ȧ⊥/a⊥ are the longitudinal and transverse expan-
sion rates respectively. In these equations we see that the expansion of
the universe provides an effective mass for each component of the vector
field as well as a friction term. It is interesting to note that the dynamics
of A0 and Az are driven by the λ and ε terms respectively, whereas the
rest of parameters of the action, ω and σ, only affect the effective mass of

1Notice that the situation is completely analogous to that described in chapter 2 when
considering fluids moving along the z-direction.
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the field. In fact, the presence of non-vanishing values for λ and ε ensures
the existence of evolving A0 and Az respectively. On the contrary, if one
of these parameters is zero, the corresponding component does not have
dynamics and, in general, will vanish.

The highly isotropic CMB power spectrum that we observe today
shows that the anisotropy at the last scattering surface was very small
so that it is justified to consider small deviations from a pure isotropic
universe with

a⊥(t) = a(t)

a‖(t) = a(t)
(

1 +
1
2

h
)

(3.11)

with h ¿ 1 and a(t) the isotropic scale factor. Then, we can describe the
anisotropy by means of the degree of anisotropy h in terms of which the
metric can be written as a perturbed FLRW given by:

ds2 = dt2 − a(t)2 (
δij + hij

)
dxidxj (3.12)

with hij = hδizδjz and a(t) the usual scale factor. Moreover, the degree of
anisotropy can be related to the linearized Einstein tensor for the Bianchi
type I metric as follows:

G⊥ − G‖ =
1

2a3
d
dt

(
a3ḣ

)
+O(h2) (3.13)

where G⊥ = Gx
x = Gy

y and G‖ = Gz
z . Then, from Einstein equations we

can obtain the evolution for the degree of anisotropy which happens to
be:

h = 16πG
∫ 1

a3

[∫
a3∆p dt

]
dt (3.14)

with ∆p ≡ p‖ − p⊥. In principle, the problem has not been solved yet
because the expression inside the integral will depend on h as well. How-
ever, we can obtain an approximate solution by replacing such an inte-
grand by its expression in the isotropic case. In fact, one could obtain
more accurate solutions by an iterative process. Thus, if we now assume
that the only source of anisotropy comes from the spatial component of
the vector field we have that:

a2∆p =
[
(24ωε + 12ωεσε + 8σε + 3σ2

ε )H2

+(12ωε + 6ωεσε + 4σε + σ2
ε )Ḣ

]
A2

z + 4σεHAz Ȧz − 2(2 + σε)Ȧ2
z

(3.15)
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where H = ȧ/a the Hubble expansion rate and we have introduced the
notation ωε = ω/ε and σε = σ/ε. In the rest of this chapter we shall
perform a detailed analysis of the isotropic evolution so that we could
eventually use those results to evaluate (3.14) and, therefore, to discrimi-
nate those models in which the degree of anisotropy grows or decays as
the universe expands, that is, what models would give rise to large scale
anisotropies. For a detailed treatment on the anisotropy evolution in dark
energy models see [58]. Moreover, the generated large-scale anisotropy
would affect the photons coming from the last scattering surface so that it
would give a new contribution to the low multipoles of the CMB. In fact,
this can be used to rule out those models in which the new contribution
is larger than the observed one.

To end this Section we would like to comment on a very interest-
ing feature of these models. In Chapter 2 we have shown that a dark
energy field carrying a non-vanishing density of momentum could mod-
ify the usual interpretation of the CMB dipole as well as the value of
the quadrupole. The density of momentum of dark energy can be inter-
preted as a relative motion of this component with respect to the others.
Therefore, since a vector field has spatial components one would expect
it to carry density of momentum, essentially determined by Ai, and, as
consequence, it would be a natural candidate for a moving dark energy
model. However, once one uses the equations of motion it turns out that
the density of momentum vanishes identically, i.e., T0i = 0 over the field
equations so that it cannot produce moving dark energy. Hence, although
the vector field can provide large scale anisotropy supported by its spatial
component, it does not modify the cosmic rest frame and no effects on
the CMB dipole are expected.

3.3 Evolution in an isotropic universe

In this section we shall write down and solve the equations for the vec-
tor field in a universe dominated by an isotropic perfect fluid, with the
energy density of the vector field being negligible. In such a case, both
expansion factors become the same a⊥ = a‖ = a as well as the expan-
sion rates H⊥ = H‖ = H. This is equivalent to neglect the effects of the
small degree of anisotropy that may be present. In such a case, the field
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equations read:

Ä0 + 3HȦ0 +
[
3(4ωλ + σλ)H2 + 3(1 + 2ωλ + σλ)Ḣ

]
A0 = 0,

Äz + HȦz +
1
2

[
3(4ωε + σε)H2 + (6ωε + σε)Ḣ

]
Az = 0. (3.16)

On the other hand, the energy density associated to A0 and Az in the
isotropic case are:

ρA0 = λ
[
3(3 + 2ωλ + 2σλ)H2A2

0 + 6(1 + 2ωλ + σλ)HA0Ȧ0 + Ȧ2
0

]
,

ρAz = −2ε

a2

[
−(3ωε + σε)H2A2

z + (6ωε + σε)HAz Ȧ0 + Ȧ2
z

]
. (3.17)

In these expressions we have introduced again the notation ωλ = ω/λ,
σλ = σ/λ, ωε = ω/ε and σε = σ/ε, which only makes sense for λ 6= 0
and ε 6= 0. However, if that is not the case, the corresponding component
does not have dynamics and, generally, vanishes so that it does not play
any role, as we explained above.

Although we are restricting ourselves to the case of isotropic expan-
sion, one should be aware of the fact that the presence of a small shear
could modify the evolution of the spatial components of the vector field
because, in the stability analysis around a FRW metric, there could be
vanishing eigenvalues (as shown in [53, 117]) and, as a consequence, the
evolution of Az could be different from that determined by (3.16).

In next subsections we shall study the evolution of the vector field in
the different epochs of the expansion history of the universe and carry
out a classification of the models according to their behaviors.

3.3.1 Inflationary (de Sitter) epoch

During the inflationary era, the universe undergoes an exponential ex-
pansion so that the Hubble parameter H is constant, i.e., a ∝ eHt. In such
a case, the solutions to (3.16) can be expressed as:

A0 =
(

A+
0 ec0Ht + A−0 e−c0Ht

)
e−3Ht/2

Az =
(

A+
z ecz Ht + A−z e−cz Ht

)
e−Ht/2 (3.18)
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where

c0 =
1
2

√
9− 48ωλ − 12σλ (3.19)

cz =
1
2

√
1− 24ωε − 6σε (3.20)

Then, the evolution of the temporal component depends on whether c0
is real or complex. That way, we find that it oscillates with frequency
|c0H| and it is modulated by a damping factor of the form e−3Ht/2 for
16ωλ + 4σλ > 3 whereas it evolves as e(c0−3/2)Ht for 16ωλ + 4σλ < 3.
When 16ωλ + 4σλ = 3 we have that c0 = 0 and the vector field evolves as
A0 = (C0

1 + C0
2 t)e−3Ht/2.

Concerning Az, it has an oscillating evolution with frequency |czH|
suppressed by e−Ht/2 for 24ωλ + 6σλ > 1 and it evolves as e(cz−1/2)Ht for
24ωλ + 6σλ < 1. Finally, for 24ωλ + 6σλ = 1 we have that cz = 0 and the
field evolve as Az = (Cz

1 + Cz
2 t)e−3Ht/2.

When we insert solutions (3.18) into (3.17) we obtain the energy den-
sity evolution, which can be written as:

ρA0 = ρA+
0

a2c0−3 + ρA−0
a−2c0−3 (3.21)

ρAz = ρA+
z

a2cz−3 + ρA−z a−2cz−3 (3.22)

where we have defined:

ρA±0
=λ [3(3 + 2ωλ + 2σλ) + 6(1 + 2ωλ + σλ)(±c0 − 3/2)

+ (±c0 − 3/2)2
]
(HA±0 )2

ρA±z =− 2ε [−(3ωε + σε) + (6ωε + σε)(±cz − 1/2)

+ (±cz − 1/2)2
]
(HA±z )2.

In these expressions we see that the temporal component is suppressed
during inflation in models with 2c0 < 3 ⇒ 4ωλ + σλ > 0 whereas an
inflationary epoch amplifies A0 for those models with 4ωλ + σλ < 0.
For 4ωλ + σλ = 0, the temporal component has constant energy density.
Moreover, for the aforementioned special case with c0 = 0 the energy
density is given by:

ρA0 |c0=0 =
λ

2
C0

2

[
3(5− 8ωλ)HC0

2 t− (24ωλ − 15)HC0
1 + 2C0

2

]
a−3 (3.23)
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so it decays as ∼ ta−3 (unless 5− 8ωλ = 0).

Analogously, we find that the spatial component is amplified during
inflation in models with 12ωε + 3σε < −4, it is suppressed for those
models with 12ωε + 3σε > −4 and it has constant energy density if the
condition 12ωε + 3σε = −4 is satisfied. Again, for the special case with
cz = 0 we have a different evolution given by:

ρAz |cz=0 =
ε

3
Cz

2 [(5− 12ωε)HCz
2 t− (12ωε − 5)HCz

1 + 2Cz
2] a−3 (3.24)

so it decays as ∼ ta−3 (unless 5− 12ωε = 0).

Finally, notice that the oscillating behavior of the field will translate
into an oscillating evolution of the energy density so that in those cases
in which the field oscillates the energy density for the corresponding com-
ponent is suppressed by a factor a−3. In fact, if the inflationary era lasts
N e-folds, i.e., the scale factor increases as aend/ain = eN, we can calculate
the amplification or suppression of the field at the end of inflation which
is given by:

ln
[

A0(tend)
A0(tin)

]
=

[
Re(c0)− 3

2

]
N, (3.25)

ln
[

Az(tend)
Az(tin)

]
=

[
Re(cz)− 1

2

]
N. (3.26)

For the energy densities of each component we can proceed similarly to
obtain:

ln
[

ρA0(tend)
ρA0(tin)

]
= [2Re(c0)− 3)] N, (3.27)

ln
[

ρAz(tend)
ρAz(tin)

]
= [2Re(cz)− 3)] N. (3.28)

In the special cases with c0,z = 0 we have to add a term ln tend
tin

on the right
hand sides of the above expressions, although such a term is usually
much smaller than N and can be safely neglected.

3.3.2 Barotropic fluid domination

In a universe dominated by a barotropic perfect fluid with constant equa-
tion of state w = p/ρ, the scale factor evolves according to a power law
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of the form a ∝ tp with p = 2
3(1+w) so that H = p/t. In such a case, the

field equations (3.16) have the following solutions:

A0(t) = A+
0 tα+ + A−0 tα−

Az(t) = A+
z tβ+ + A−z tβ− (3.29)

with

α± =
1
2

[
1− 3p±

√
1 + 6(1 + 4ωλ + 2σλ)p + 3(3− 16ωλ − 4σλ)p2

]
,

β± =
1
2

[
1− p±

√
1 + 2(6ωε + σε − 1)p− (24ωε + 6σε − 1)p2

]
. (3.30)

As in the inflationary epoch, we see that the components of the vector
field have different evolutions depending on whether α± and β± are real
or complex. Thus, if the term inside the root is positive, the corresponding
component of the field will evolve as a power law essentially given by
the growing mode whereas if the term inside the root is negative, the
field will oscillate with an amplitude proportional to t(1−3p)/2 for A0 or
t(1−p)/2 for Az. In fact, for α, β ∈ C, the solutions of the vector field can
be expressed as:

A0(t) = tRe(α)
[
C0

1 cos (Im(α) ln t) + C0
2 cos (Im(α) ln t)

]

Az(t) = tRe(β) [Cz
1 cos (Im(β) ln t) + Cz

2 cos (Im(β) ln t)] (3.31)

where we see that the vector field actually oscillates harmonically in ln t
and not in the proper time t. There is still another special case when we
have degeneration in the solutions, i.e., when α+ = α− or β+ = β−. If any
of these relations takes place, the corresponding component of the vector
field has a logarithmic solution in addition to the potential solution, being
the complete solution as follows:

A0 =
(

C0
1 + C0

2 ln t
)

t(1−3p)/2

Az = (Cz
1 + Cz

2 ln t) t(1−p)/2 (3.32)

The evolutions of the energy densities are achieved by inserting solu-
tions (3.29) into (3.17) and, for α, β ∈ R, are given by:

ρA0 = ρA+
0

aκ+
0 + ρA−0

aκ−0 , (3.33)

ρAz = ρA+
z

aκ+
z + ρA−z aκ−z (3.34)
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where:

ρA±0
= λ

[
3(3 + 2ωλ + 2σλ)p2 + 6(1 + 2ωλ + σλ)p α± + α2±

]
(A±0 )2,

ρA±z = −2ε
[
−(3ωε + σε)p2 + (6ωε + σε)p β± + β2±

]
(A±z )2

and

κ±0 = 2
α± − 1

p
,

κ±z = 2
β± − 1− p

p
. (3.35)

Again, given that κ+
0,z ≥ κ−0,z, the energy densities will evolve proportion-

ally to aκ+
0,z so that the vector field behaves as the superposition of two

perfect fluids with equations of state w0,z = − 1
3(1 + κ+

0,z). However, in
some cases, it might happen that ρA+

0,z
vanishes and, as a consequence,

the corresponding energy density will evolve as aκ−0,z rather than aκ+
0,z .

When α± and β± are complex, the energy densities still evolve as
ρA0,z = ρA+

0,z
aκ+

0,z although we must replace α+ → Re(α+) and β+ →
Re(β+) in (3.35) and ρA+

0,z
are oscillating functions instead of constants.

For the degenerate case with a logarithmic solution, the energy densi-
ties are given by:

ρA0 |α+=α− = λ
(

C0
2

)2
[

1− 2p + (24ωλ − 15)p2

2(1− p)

(
C0

1

C0
2

+ ln t

)
+ 1

]
aκ0

ρAz |β+=β− = 2ε (Cz
2)

2
[−1 + 6p + (12ωε − 5)p2

2(1− 3p)

(
Cz

1
Cz

2
+ ln t

)
− 1

]
aκz

(3.36)

Therefore, the evolution is the same as in the non-degenerate case modi-
fied by a logarithmic variation.

In any case, we can carry out a classification of the models according to
whether the energy density of each component grows, decays or remains
constant. Finally, we can also identify scaling behaviors or whether the
energy density of the vector field grows or decays with respect to that of
the dominant component. In Fig. 3.1 and Fig. 3.2 we show the evolution
in the different regions in the parameter space for temporal and spatial
components respectively
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Radiation dominated epoch

In the radiation dominated epoch we have that p = 1/2 and the evolution
of the vector field, according to (3.30), is given by:

αR± = −1
4

[
1∓

√
25 + 12σλ

]
(3.37)

βR± =
1
4

[
1±

√
1− 2σε

]
(3.38)

These expressions allow to obtain that the temporal component evolves
as a power law for σλ > − 25

12 whereas it oscillates with an amplitude
decaying as t−1/4 for σλ < − 25

12 . The degenerate case happens for σλ =
−25

12 . For the spatial component of the vector field, we have power law
behavior for σε < 1

2 and it oscillates with an amplitude growing as t1/4

for σε > 1
2 , whereas the logarithmic solution appears for σε = 1

2 . Notice
that the evolution of the vector field does not depend on the parameter ω
of the action, which is due to the fact that the Ricci scalar R vanishes in a
universe dominated by radiation.

Concerning the evolution of the energy densities, according to (3.35),
we have that:

κR
0± = −5±

√
25 + 12σλ (3.39)

κR
z± = −5±

√
1− 2σε (3.40)

If we want the vector field to be dominated by its temporal component we
must impose the condition κ0+ > κz+, which leads to the constraint 6σλ +
σε > −12. That way we prevent the generation of large scale anisotropy
that would be in conflict with observations.

The temporal component of the vector field will have constant energy
density in this epoch for κR

0+ = 0 which is satisfied by the model with
σλ = 0 and it has scaling evolution if κR

0+ = −4 which happens for σλ =
−2. From this last condition we also obtain that, in models with σλ >
−2, the energy density associated to the temporal component grows with
respect to that of the radiation fluid ρR whereas in those models with
σλ < −2, the ratio ρA0/ρR decays as the universe expands. See Fig. 3.1
for a summary of these behaviors.

Concerning the spatial component, the condition of constant energy
density is satisfied for models with σε = −12 whereas it scales as radia-
tion in models with σε = 0. Finally, the energy density associated to the
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Property Inflation Radiation Matter

Oscillating 4ωλ + σλ > 3
4 σλ < − 25

12 2ωλ − σλ > 27
8

Decaying 0 < 4ωλ + σλ < 3
4 − 25

12 < σλ < −2 3 < 2ωλ − σλ < 27
8

Scaling 4ωλ + σλ = 0 σλ = −2 2ωλ − σλ = 3

Growing 4ωλ + σλ < 0 σλ > −2 2ωλ − σλ < 3

Constant 4ωλ + σλ = 0 σλ = 0 2ωλ − σλ = 0

Figure 3.1: Behavior of the temporal component of the vector field in the differ-
ent phases of the universe history according to the values of the parameters of
the model. The labels Decaying and Growing refers to the behavior with respect
to the dominant component, whereas Scaling means that it evolves in the same
way as the background.

spatial component of the vector field grows (decays) with respect to ρR in
models with σε < 0 (σε > 0). This classification is shown in Fig. 3.2.
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Matter dominated epoch

In a universe dominated by a pressureless fluid the scale factor evolves as
a ∝ t2/3 so that

αM± = −1
6

[
3∓

√
81− 48ωλ + 24σλ

]
(3.41)

βM± =
1
6

[
1±

√
1− 24ωε − 12σε

]
(3.42)

In this case, the temporal component oscillates with amplitude propor-
tional to t−1/2 for 16ωλ− 8σλ > 27, it evolves with a power law for 16ωλ−
8σλ < 27 and the degenerate case corresponds to 16ωλ − 8σλ = 27. On
the other hand, Az follows a power law evolution for 24ωε + 12σε < 1,
it oscillates with amplitude proportional to t1/6 for 24ωε + 12σε > 1 and
the degenerate case happens for 24ωε + 12σε = 1.

Moreover, κR
0± and κR

z± become:

κM
0± =

1
2

[
−9±

√
81− 48ωλ + 24σλ

]
, (3.43)

κM
z± =

1
2

[
−9±

√
1− 24ωε − 12σε

]
. (3.44)

In this epoch, the condition for the temporal contribution to dominate
over the spatial one reads 6(ωε − 2ωλ) + 3(σε − 2σλ) > −80.

The scaling behavior for the energy density associated to the temporal
component in this epoch is obtained from the condition κM

0+ = −3, whose
solution is 2ωλ − σλ = 3. Moreover, for 2ωλ − σλ < 3 the energy density
of the vector field grows with respect to that of matter and, as a conse-
quence, the universe is eventually dominated by it. Notice that this is a
necessary condition to have a dark energy model, i.e., those models with
2ωλ − σλ > 3 will never dominate the energy content of the universe
if there is a matter component and, as a consequence, it cannot be the
responsible for the present acceleration. Fig. 3.1 shows this classification.

For the spatial component we obtain constant energy density in mo-
dels with 2ωε + σε = −20/3 and scaling evolution for 2ωε + σε = −2/3.
Finally, the energy density of Az grows (decays) with respect to ρM in
models with 2ωε + σε < −2/3 (2ωε + σε > −2/3). See Fig. 3.2.
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Property Inflation Radiation Matter

Oscillating 4ωε + σε > 1
6 σε > 1

2 2ωε + σε > 1
12

Decaying − 4
3 < 4ωε + σε < 1

6 0 < σε < 1 − 2
3 < 2ωε + σε < 1

12

Scaling 4ωε + σε = − 4
3 σε = 0 2ωε + σε = − 2

3

Growing 4ωε + σε < − 4
3 σε < 0 2ωε + σε < − 2

3

Constant 4ωε + σε = − 4
3 σε = −12 2ωε + σε = − 20

3

Figure 3.2: Behavior of the spatial component of the vector field in the different
phases of the universe history according to the values of the parameters of the
model. The labels Decaying and Growing refers to the behavior with respect
to the dominant component, whereas Scaling means that it evolves in the same
way as the background.

3.4 Vector dominance

In this section we shall study the case in which the universe becomes
dominated by the temporal component of the vector field so that the
anisotropy is small and we can use the isotropic equations. Thus, we have
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the field equation for A0 given in (3.16) and the two Einstein equations:

3H2 = 8πGρA0 , (3.45)

3H2 + 2Ḣ = −8πGpA0 . (3.46)

Although, of course, only two of the three equations are independent, it
will be useful to work with all of them.

For the subsequent analysis, it will be convenient to introduce the
field variable x ≡ d ln A0

d ln a so that we can obtain the following autonomous
system:

dH
dN

= 3
(2ωλ + σλ)x2 − 2(4ωλ + σλ)x− 3(4ωλ + σλ)(2ωλ + σλ + 1)

[x + 3(2ωλ + σλ + 1)]2
H

dx
dN

= −x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)
x + 3(2ωλ + σλ + 1)

x (3.47)

with N = ln a. These two equations can be combined to give the following
equation for the trajectories in the phase map:

d ln H
d ln x

=
−3(2ωλ + σλ)x2 + 6(4ωλ + σλ)x + 9(4ωλ + σλ)(2ωλ + σλ + 1)

[x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)] [x + 3(2ωλ + σλ + 1)]
.

(3.48)
This equation can be readily integrated for given values of the parameters,
although we shall not do it, but we shall study the phase map and, from
its features, we shall obtain the relevant information.

In addition to the equations given above, we have the following con-
straint provided by the Friedman equation:

1
3

λA2
0

[
x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)

]
= 1 (3.49)

This relation constrains the possible values of x because the condition

λ
[

x2 + 6(1 + σλ + 2ωλ)x + 3(3 + 2σλ + 2ωλ)
]
≥ 0 (3.50)

must hold. This condition restricts the physically admissible trajectories
as those for which the vector field carries positive energy density and can
always be achieved by means of a suitable choice of the sign of λ. Notice
that all the dependency of the problem on the parameter λ is indeed
contained in this condition.
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In (3.47) we see that the equation dH
dN = 0 has two solutions: H = 0

and x = x±l , with:

x±l =
4ωλ + σλ ±

√
(4ωλ + σλ) [2(5ωλ + 2σλ) + 3(2ωλ + σλ)2]

2ωλ + σλ
. (3.51)

whereas the solutions of dx
dN = 0 are x = 0 and x = x±c , with:

x±c = −3(2ωλ + σλ + 1)±
√

6(5ωλ + 2σλ) + 9(2ωλ + σλ)2. (3.52)

Therefore, the autonomous system has generally three critical points:
P0 = (0, 0) and P± = (x±c , 0). Moreover, when the equality x±c = x±l takes
place, we have a critical line instead of a critical point because both dH

dN
and dx

dN vanish regardless the value of H. Notice that the critical points P±
only exist when the constraint 6(5ωλ + 2σλ) + 9(2ωλ + σλ)2 ≥ 0 is satis-
fied, which corresponds to the white region shown in Fig. 3.3. Moreover,
the trajectories in the phase map have vertical tangents in the lines x = 0
and x = x±c so that, apart from being critical points, they are vertical sep-
aratrices (see Fig. 3.4). However, these are not the only separatrices in the
phase map, but we have another vertical one in xs = −3(2ωλ + σλ + 1)
and an horizontal one in the axis H = 0. One interesting feature of the
phase map is that xs = (x+

c + x−c )/2, i.e., the separatrix at xs is always
located in the middle of the two critical points. Notice that the critical
points x±c also separate the region with physically admissible trajecto-
ries according to (3.50) which imposes the energy density of the vector
field to be positive, although to identify each of these regions we need
to specify the sign of λ. According to the previous discussion, the phase
map will be divided into several rectangular regions parallel to the axis
which, indeed, are disconnected from each other, i.e., the trajectories will
not be able to cross from one to another. However, the particular picture
will depend on the particular values of the parameters, being possible to
distinguish the following cases (see Fig. 3.4):

• Case I: The critical points x±c exist and are different from each other,
which imposes the condition 9(2ωλ + σλ + 1)2− 3(2ωλ + 2σλ + 3) >
0 and corresponds to the grey region in Fig. 3.3. Moreover, in this
case we still have three different possibilities:

– Case Ia: Both critical points are different from zero and they do
not coincide with xs. In this case we have 4 vertical separatrices
and the phase map is divided into 10 disconnected regions.



3.4 Vector dominance 89

– Case Ib: One of the two critical points is zero. This case hap-
pens when 2ωλ + 2σλ + 3 = 0 but 2ωλ + σλ + 1 6= 0 so that they
are not zero simultaneously. In fact, if 2ωλ + σλ + 1 is positive
(negative), then x+

c (x−c ) is at the origin. Notice that this sim-
ply says that, given that the separatrix located at xs is in the
middle of x− and x+, the critical point that is at the origin de-
pends on the sign of xs. In this case we only have 3 vertical
asymptotes and, as a consequence, the phase map contains 8
regions. This case corresponds to the dashed line in Fig. 3.3,
which represents the equation 2ωλ + 2σλ + 3 = 0

– Case Ic: The vertical separatrix satisfies xs = 0 so that the two
critical points are symmetric with respect to the origin. The
condition xs = 0 reads in terms of the parameters 2ωλ + σλ +
1 = 0 and, as a consequence, the critical point P0 is absent. In
this case we also have 3 vertical asymptotes and 8 regions in
the phase map and it corresponds to the dotted line inside the
grey region in Fig. 3.3.

• Case II: Neither of the two critical points x±c exists. This case satisfies
9(2ωλ + σλ + 1)2 − 3(2ωλ + 2σλ + 3) > 0 and corresponds to the
white region in Fig. 3.3. Again, we have several subcases:

– Case IIa: The separatrix xs is different from zero. Then, we have
two different vertical asymptotes and the phase map contains
6 regions.

– Case IIb: The separatrix is located at the origin, xs = 0 so that
2ωλ + σλ + 1 = 0 (P0 is not a critical point) and we are left
with just one vertical asymptote that divides the phase map in
4 regions. This case corresponds to the dotted line inside the
white region in Fig. 3.3.

• Case III: The two critical points become equal so we only have one
critical point which, indeed, coincides with xs, i.e., x+

c = x−c = xs =
−3(2ωλ + σλ + 1). This case is represented by the solid line in Fig.
3.3. The two possibilities we have in this case are:

– Case IIIa: The critical point is different from zero so that we
have two vertical asymptotes and the phase map contains 6
regions.

– Case IIIb: The critical point is zero. Then, we only have one
vertical separatrix and four regions. This case corresponds to
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the particular model (σλ = −2, ωλ = 1/2) and is represented
by the orange dot in Fig. 3.3.

-4 -2 0 2 4

-4

-2

0

2

4

ΩΛ

Σ
Λ

Figure 3.3: This plot shows the different cases explained in the main text in
the parameter space. The green region corresponds to models in which both x±
exist (Case I) whereas in the white region neither of them is present (Case II). The
solid line identifies the models for which x+ = x− corresponding to Case III. The
dashed line (whose equation is 2ωλ + 2σλ + 3 = 0) represents those models that
have either x− or x+ at the origin (Case Ib) and the models whose parameters lie
on the dotted line (with equation 2ωλ + σλ + 1 = 0) have the separatrix xs at the
origin. Thus, in the region above (below) that line xs is negative (positive). Case
Ic corresponds to the piece of the dotted line inside the white region whereas the
piece of the dotted line inside the grey region corresponds to Case IIb. Finally,
the orange dot with parameters ωλ = 1/2, σλ = −2 gives the Case IIIb in which
x± = xs = 0.
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Now that we know the arrangement of the phase map for the different
models according to the existence and location of the critical points, we
shall study the particular features of each critical point according to the
values of the parameters:

• P0 = (0, 0). The eigenvalues for this critical point are:

µH = − 4ωλ + σλ

2ωλ + σλ + 1
, µx = −2ωλ + 2σλ + 3

2ωλ + σλ + 1
. (3.53)

Thus, we have that the critical point is a saddle point for models
whose parameters are between the lines 4ωλ + σλ = 0 and 2ωλ +
2σλ + 3 = 0 whereas it is an attractor node if the parameters are
in the external region. Notice that this critical point does not exist
when 2ωλ + σλ + 1 = 0, that corresponds to Case Ic in which the
separatrix xs is placed at the origin. When 4ωλ + σλ = 0 we have
that µH = 0 and the critical point becomes a critical line because
x = 0 is a singular point irrespectively of the value of H.

• P± = (x±c , 0). For these critical points the eigenvalues can be ex-
pressed as µH = −(2x±c + 3) and µx = −2x±c . Then, if the critical

Figure 3.4: These plots show two examples of phase maps for the autonomous
system describing a universe dominated by the vector field. The left panel cor-
responds to a model lying in the grey region in Fig. 3.3 in which the two critical
points P± are present whereas the right panel shows the phase map for a model
in which these two critical points do not exist. We can see that all the critical
points as well as the separatrix are vertical tangents and the x-axis is a horizontal
separatrix, as explained in the main text.



92 3. Cosmology in vector-tensor theories of gravity

point is positive we have an attractor node whereas it behaves as a
repelling node if x±c < −3/2. Finally, in the range −3/2 < x±c < 0
we get a saddle point. These ranges correspond to the regions in
the parameter space showed in Fig. 3.5. The eigenvalues µ±x van-
ish when the corresponding critical point is located at the origin,
i.e., 2σλ + 2ωλ + 3 = 0. Then, we can have three different cases
depending on the sign of 2ωλ + σλ + 1, namely:

i) 2ωλ + σλ + 1 > 0. In this case µ+
x = 0 and µ−x = −6(2ωλ +

σλ + 1) < 0.
ii) 2ωλ + σλ + 1 = 0. This is the case IIIb described above in

which both critical points are located at the origin and, as a
consequence, µ+

x = µ−x = 0.
iii) 2ωλ + σλ + 1 > 0. This case is the opposite to i), i.e., µ−x = 0

and µ+
x = −6(2ωλ + σλ + 1) > 0.

On the other hand, the eigenvalues µ±H vanish in the case that the
critical points are such that x±c = −3/2 which is satisfied for models
with σλ + 4ωλ = 3/4. In this case we also obtain three possibilities
in terms of the sign of 12ωλ − 15/2 as follows:

i) 12ωλ − 15/2 > 0. In this case we have µ−H = 0 and µ+
H =

24ωλ − 15 > 0.
ii) 12ωλ − 15/2 = 0. In this case we have µ−H = µ+

H = 0.
iii) 12ωλ − 15/2 < 0. In this case we have µ+

H = 0 and µ−H =
24ωλ − 15 < 0.

• Separatrix x = xs. For values of x close to xs, i.e., x = xs + δ with
δ → 0 the equations become:

dH
dN

' µs
H
δ2 (3.54)

dx
dN

' −µs
1
δ

(3.55)

with

µs = 9(2ωλ + σλ + 1)
[
12ω2

λ + σλ(4 + 3σλ) + 2ωλ(5 + 6σλ)
]

. (3.56)

Then, the separatrix will attract the trajectories of the phase map
for models in which µs > 0 whereas for models with µs < 0 the
trajectories will go away from xs. Note that this is true for both
sides of the separatrix.
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Figure 3.5: In this plot we show the different regions obtained in the parameter
space according to the features of the critical points. We have shaded (in orange)
the regions where the eigenvalue of x is negative so that the trajectories in the
phase map approach the corresponding point. We have also indicated the sign of
each eigenvalue in the form (µx, µH). For the separatrix we indicate the regions
where the trajectories approach the separatrix. Finally, the two plots on the right
show the 13 regions explained in the text (and summarized in table 1). The last
plot corresponds to a zoom of the blue-shaded region in the third panel.

• x → ±∞. In this case we have that dx
dN ∼ −x2 so that the trajectories

will always approach from +∞ and will move away to −∞, i.e.,
the region with large values of x repels the trajectories of the phase
map whereas the trajectories become attracted by the region with
x → −∞ irrespectively of the values of the parameters in the action.
This means that the region with large positive values of x is always
unstable for any choice of ωλ and σλ and, on the contrary, the region
with negative large values of x is always stable.
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Region P0 P− Separatrix P+

I Attractor node Saddle point µx > 0 Repelling Attractor node

II Saddle point µx > 0 Attractor node Repelling Attractor node

III Saddle point µx > 0 – Attractor –

IV Saddle point µx < 0 – Repelling –

V Saddle point µx < 0 Repelling node Attractor Repelling node

VI Attractor node Repelling node Attractor Repelling node

VII Attractor node Repelling node Attractor Saddle point µx > 0

VIII Saddle point µx > 0 Repelling node Attracting Attractor node

IX Saddle point µx < 0 Repelling node Repelling Attractor node

X Saddle point µx < 0 Saddle point µx > 0 Repelling Attractor node

XI Saddle point µx > 0 Saddle point µx > 0 Attractor Attractor node

XII Attractor node Saddle point µx > 0 Attractor Saddle point µx > 0

XIII Attractor node – Repelling –

Table 3.1: In this table we summarize the features of the phase map for the
different regions shown in Fig. 3.5. When a given critical point is a saddle
point we give the sign of the eigenvalue corresponding to x so that we can know
whether the trajectories approach the critical point (negative eigenvalue) or move
away from it (positive eigenvalue) along the x-direction.
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3.4.1 Accelerating solutions

In this section we shall enumerate the necessary conditions for a vector-
tensor model to lead to accelerating solutions. To that end we shall ex-
press the equation of state in terms of the field variable x:

w =
−(4ωλ + 2σλ + 1)x2 + (2ωλ − σλ − 3)[2x + 3(2ωλ + σλ + 1)]

[x + 3(2ωλ + σλ + 1)]2
.

(3.57)
Notice that this equation of state only depends on x and not on the Hub-
ble parameter H. The models with accelerating solutions will be those
in which w evolves towards w < −1/3. Moreover, as, in this Chapter,
we are interested in finding models in which the vector field could play
the role of dark energy, we shall demand that the accelerated phase is an
attractor. To that end, we shall look at the equation of state for all the pos-
sible attracting places in the phase map as well as in the repelling ones.
Notice that, as the equation of state does not depend on H but only on x
we only need to require attractor or repelling properties with respect to
x. For instance, if a critical point is a saddle point but with the trajectories
going towards x → xcrit (µx < 0) it will be considered as an attractor and
the opposite for a repelling point. Now, we shall study the existence of
accelerating regimes in the phase map:

• P0. As we pointed out above, this critical point will be an attractor
in models with µx < 0. On the other hand, the equation of state for
this critical point is

wP0 =
2ωλ − σλ − 3

3(2ωλ + σλ + 1)
. (3.58)

From this expression we see that P0 corresponds to an accelerated
phase (wP0 < −1/3) if the following condition holds:

2ωλ − 1
2ωλ + σλ + 1

< 0, (3.59)

which is satisfied for models in which either 1 < 2ωλ < −(1 + σλ)
or −(1 + σλ) < 2ωλ < 1. The corresponding region is shown in Fig.
3.6 and, in that figure, we see that there exists a region in which P0 is
an attractor and gives rise to accelerated expansion simultaneously.
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• P±. For these critical points, the equation of state becomes:

wP± = −(8ωλ + 4σλ + 3)± 4
3

√
6(5ωλ + 2σλ) + 9(2ωλ + σλ)2.

(3.60)
Notice that if the condition of accelerated expansion is satisfied for
P+, then, it is also satisfied for P− since wP+ ≥ wP− . The models that
lead to accelerated expansion are shown in Fig. 3.6. However, in the
same figure, we see that neither of the critical points P± behaves as
an attractor in the region where we get accelerated expansion.

• Separatrix x = xs. In this case the equation of state will evolve either
to +∞ or to −∞ as the trajectory approaches the separatrix. The
interesting case here is when w → −∞ so that we get acceleration.
For x = xs + δ with δ → 0, the equation of state becomes:

ws ' −2µs

3δ2 . (3.61)

In Fig. 3.6 we show the region in which the equation of state goes
to −∞, corresponding to the condition µs > 0. Notice that this
condition also guarantees that the separatrix behaves as an attractor
so all the cases in which the sepratrix is an attractor give rise to
accelerated expansion.

• x → ±∞. As we showed above, x = −∞ is always an attractor
whereas x = +∞ is always a repelling point. Moreover, as x ap-
proaches ±∞ the equation of state is given by:

w(x → ±∞) = −(4ωλ + 2σλ + 1), (3.62)

so that it gives rise to accelerated expansion in models with 2ωλ +
σλ > −1/3. This case is interesting for the vector field to drive an
inflationary era because it could start with a large value of x and,
as x = ∞ repels the trajectories, it would be forced to evolve to-
wards smaller values of x until it reaches either P+ or P0. Moreover,
such an evolution can lead to accelerated expansion as long as the
condition 2ωλ + σλ > −1/3 holds.

After having obtained the general conditions necessary to have accele-
rated expansion, we shall study the particular solutions in which the scale
factor evolves as a power of the cosmic time, i.e., a ∝ tp and we shall get
some analytical solutions. For this expansion law, the vector field evolves
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Figure 3.6: In this plot we show the regions in which we get accelerated so-
lutions in a universe dominated by the vector field for each critical point. The
darkest shaded regions are those in which the accelerated solutions are attrac-
tors. We can see that neither for P+ nor for P− we can obtain attracting accelera-
ted solutions.
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according to (3.29), although, in this case, the parameter p must be de-
termined from Einstein equations. When we introduce (3.29) in (3.45) we
obtain that the vector field must take a constant value given by:

A∞
0 =

±1√
8πGλ(3 + 2ωλ + 2σλ)

. (3.63)

Notice that this value only makes sense for λ(3 + 2ωλ + 2σλ) > 0, which
can always be fulfilled by a suitable choice of the parameter λ. Moreover,
we also obtain that p is given by:

p =
1 + 2ωλ + σλ

4ωλ + σλ
. (3.64)

With this expression we can calculate the deceleration parameter:

q∞ ≡ − äa
ȧ2 =

2ωλ − 1
2ωλ + σλ + 1

. (3.65)

This deceleration parameter must be negative in order to have an acce-
lerated expansion, but this is indeed the same condition that we found
above in (3.59) when studying the critical point P0. This was expected
because the Hubble expansion rate goes to zero for a power law expan-
sion and this imposes that A0 has to be constant which means that x = 0.
Thus, we have just obtained nothing but the analytical solutions for the
trajectories approaching P0 along the H-axis. Notice that this is, indeed,
the only critical point attracting trajectories with accelerated expansion
and having a finite value for the vector field equation of state.

3.5 Late-time accelerated solutions with matter

In previous sections we have studied a universe completely dominated by
the vector field and obtained the necessary conditions to have accelerated
solutions. In this section, however, we shall consider the case in which
the universe contains matter in addition to the vector field and study
the circumstances under which we can get a transition from a matter
dominated universe to an accelerated phase provided by the vector field
so that the vector field can play the role of dark energy. To do so, we shall
proceed as in previous sections, i.e., we shall obtain the corresponding
autonomous system and identify attracting solutions in which the vector
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field eventually dominates the energy content of the universe and has
equation of state smaller that −1/3.

Before going on with the study of the autonomous system, we remind
that a necessary condition to have a candidate to dark energy is that the
energy density associated to the vector field decays slower than that of
a pressureless fluid in the matter dominated epoch. This requirement
guarantees the dominance of the vector field at late times so that it can
drive the expansion of the universe. According to Table 1, such models
are those whose parameters satisfy the condition

2ωλ − σλ < 3. (3.66)

We shall take this condition as a necessary requirement for the model to
be able to play the role of dark energy.

The system of equations must be modified by introducing the matter
contribution to the Friedman equation so that:

3H2 = 8πG(ρA0 + ρM). (3.67)

Moreover, we have a new equation provided by the energy conservation
of the matter fluid:

ρ̇M + 3HρM = 0 (3.68)

As we did in the previous sections, we shall introduce the field variable
x ≡ d ln A0

d ln a and the matter energy density will be described by the density
parameter ΩM ≡ ρM

3H2 . In terms of these variables, we can obtain the
following autonomous system:

dH
dN

=
F1

H(x) + F2
H(x)ΩM

Fs(x)
H

dx
dN

=
F1

x (x) + F2
x (x)ΩM

Fs(x)

dΩM

dN
=

FΩM(x)(1−ΩM)ΩM

Fs(x)
(3.69)
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where we have defined:

F1
H(x) = 3(2ωλ + σλ)x2 − 6(4ωλ + σλ)x− 9(4ωλ + σλ)(2ωλ + σλ + 1),

F2
H(x) = −3

2

[
(4ωλ + 2σλ + 1)x2 − 2(2ωλ − σλ − 3)x

+6(4ωλ + σλ)(2ωλ + σλ) + 9(2ωλ − 1)] ,

F1
x (x) = −

[
x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)

]

× [x + 3(2ωλ + σλ + 1)] x,

F2
x (x) =

3
2

[
x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)

]

[(4ωλ + 2σλ + 1)x− 2ωλ + σλ + 3] ,

FΩM(x) = 3
[
(4ωλ + 2σλ + 1)x2 − 2(2ωλ − σλ − 3)x

−3(2ωλ + σλ + 1)(2ωλ − σλ − 3)] ,

Fs(x) = [x + 3(2ωλ + σλ + 1)]2 −
[
9(2ωλ + σλ)2 + 6(5ωλ + 2σλ)

]
ΩM.

(3.70)

These equations are supplemented by the following constraint provided
by the Friedman equation:

1
3

λA2
0

[
x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)

]
+ ΩM = 1. (3.71)

As before, this relation will determine the sign of the parameter λ in order
to fulfill the condition λ

[
x2 + 6(2ωλ + σλ + 1)x + 3(2ωλ + 2σλ + 3)

]
> 0.

The equation of state for the vector field is given in this case by:

w = −1
3

FΩM(x)
Fs(x)

. (3.72)

The sections {x, ΩM} of the phase map do not depend on H. No-
tice that, as expected, the equations for dH

dN and dx
dN reduce to (3.47) when

ΩM = 0 so that all the critical points analyzed in the previous sections
are also critical points of (3.69) with ΩM = 0, which is the interesting
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case here because this means that the vector fields eventually dominates
the energy of the universe. Apart from these critical points with ΩM = 0
we also have critical points with ΩM = 1 which correspond to situations
where matter drives the universe expansion. As we are interested in ob-
taining solutions leading to late-time accelerated expansion driven by the
vector field, we shall study just the critical points with ΩM = 0 so that
the critical values of x and H are the same as those studied in the vector
dominance case. However, the features of the critical points may change
because of the presence of matter. Therefore, for each critical point, we
shall identify the necessary conditions for the corresponding critical point
to be an attractor with respect to ΩM and x and, then, compute the equa-
tion of state in the critical point. This is possible because the equations for
ΩM and x does not depend on H. Notice that the condition for ΩM = 0
to be an attractor will, in general, differ from the condition given in (3.66)
obtained by imposing that the energy density of the vector field grows
with respect to that of matter. This is so because to achieve that condi-
tion we assumed that the amount of matter was initially dominant with
respect to that of the vector field and, however, for ΩM = 0 to be an
attractor, such a condition does not need to be satisfied. Finally, it is in-
teresting to remark that the region with ΩM > 0 is disconnected from
that with ΩM < 0 because the trajectories are always tangent to the plane
ΩM = 0 which ensures that the energy density of matter remains positive
as long as it is initially positive. See Fig. 3.7 to have an idea of how the
phase maps look like.

Let us analyze then each critical point for this case:

• P0 = (0, 0). For this critical point, the linearized system becomes:

dH
dN

' − 4ωλ + σλ

2ωλ + σλ + 1
H

dx
dN

' −2ωλ + 2σλ + 3
2ωλ + σλ + 1

[
x +

2ωλ − σλ − 3
2(2ωλ + σλ + 1)

ΩM

]

dΩM

dN
' 2ωλ − σλ − 3

2ωλ + σλ + 1
ΩM

The eigenvalues for this system are the same as those of the vector
dominance case plus µΩM = (2ωλ − σλ − 3)/(2ωλ + σλ + 1), which
determines the stability of the solutions with ΩM → 0. Therefore,
the analysis proceeds exactly the same as before with the supple-
mentary condition µΩM < 0 ensuring the late-time domination of
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the vector field. Notice that, as commented above, this condition is
not the same as that given in (3.66). Indeed, this supplementary con-
dition happens not to reduce the region of the parameter space in
which we get attracting solutions with accelerated expansion, i.e.,
all the models indicated in Fig. 3.6 corresponding to this type of
solutions have indeed ΩM = 0 as an attractor.

• P± = (x±, 0). In this case the linearized system becomes diagonal
with the same eigenvalues for x and H as in the vector dominance
case, i.e., µH = −(2x±c + 3) and µx = −2x±c . Moreover, the eigen-
value for ΩM is given by µΩM = 4x±c + 3. Hence, as in the case of P0
the stability analysis is the same as that already performed above,
although we must impose the condition 4x±c + 3 < 0 so that the
vector field eventually dominates. However, when we impose the
latter condition we find that these critical points happen not to be
attractors for any value of the parameters.

So far, we have seen that the presence of a matter fluid only affects the
solutions in the sense that the parameter space is restricted to that region
in which ΩM = 0 is an attractor, otherwise the vector field would never
dominate and we cannot produce late-time acceleration. In other words,

Figure 3.7: In these two plots we show two examples of phase maps corres-
ponding to the cases when the two critical points are present (left) and when
they are not (right), or, equivalently, when the separatrix is open from above or
from below.
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the features of the critical points remain the same as those studied in the
vector domination case, although only the cases in the allowed region are
admissible. The novelties appear when studying the separatrix:

• Separatrix. In this case the separatrix is no longer given by x = xs,
but by the parabola:

ΩM =
[x + 3(2ωλ + σλ + 1)]2

[9(2ωλ + σλ)2 + 6(5ωλ + 2σλ)]
(3.73)

Notice that the vertex of this parabola always lies on the x-axis, i.e.,
in the vertex we always get ΩM = 0 so that it will be interesting
to have solutions attracted by it. Whether this parabola is open
from above or below in the (x, ΩM) plane depends on the sign of
9(2ωλ + σλ)2 + 6(5ωλ + 2σλ) which also determines the existence of
x±c so that if the critical points x±c exist the parabola goes up and
if they do not exist the parabola goes down. Since negative values
of ΩM are physically unreasonable, an open from below parabola
does not represent a proper separatrix for the physically admissible
region of the phase map.

Close to the vertex of the separatrix, i.e., for:

ΩM =
[x + 3(2ωλ + σλ + 1)]2

[9(2ωλ + σλ)2 + 6(5ωλ + 2σλ)]
+ δΩM (3.74)

x = −3(2ωλ + σλ + 1) + δx (3.75)

with δΩM , δx ¿ 1 the autonomous system becomes:

dH
dN

' 3
2ωλ + σλ + 1

δΩM

H

dx
dN

' 3(2ωλ + σλ + 1)
δx

δΩM

dΩM

dN
' 2

2ωλ + σλ + 1
3(2ωλ + σλ)2 + 2(5ωλ + 2σλ)

δ2
x

δΩM

In the previous expressions, δΩM parametrizes the separation to
the separatrix and is positive (negative) for points above (below)
it, whereas δx gives the separation on the right (δx > 0) or on the
left (δx < 0) from the vertex of the parabola. From the equation for
dH/dx we see that the trajectories will not be able to cross the vertex
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because dH/dN becomes singular at that point. On the other hand,
it is easy to see from the equations for dx/dN and dΩM/dN that the
vertex will always act as an attractor for the trajectories approach-
ing from one side of the parabola so that, in the cases in which the
parabola is open from above, there always exist trajectories that are
attracted by the vertex of the separatrix. Whether the trajectories
approaching the vertex are those going from above or below the
parabola is determined by the sign of 2ωλ + σλ + 1 as follows:

i) 2ωλ + σλ + 1 > 0. In this case the trajectories approaching from
below are attracted towards the vertex whereas those solution
contained in the region above the separatrix are repelled by the
vertex.

ii) 2ωλ + σλ + 1 < 0. In this case, the solutions in the region
above the separatrix are attracted towards the vertex whereas
the trajectories below the parabola go away from the vertex.

To study the cases when the parabola is open from below we shall
analyze the autonomous systems for x + 3(2ωλ + σλ + 1) = δx ¿ 1
and ΩM ¿ 1. In that case we obtain

dx
dN

' 3(2ωλ + σλ + 1)
δx

ΩM
dΩM

dN
' 6(2ωλ + σλ + 1) (3.76)

Thus, only if (2ωλ + σλ + 1) < 0 the vertex of the separatrix is an
attractor when the separatrix is contained in the region with ΩM <
0.

Finally, it remains to study the behavior of the equation of state as
the trajectory approaches the vertex of the separatrix. If we use the
parametrization given in (3.75) again, we obtain that the equation of
state becomes:

w ' 2
2ωλ + σλ + 1

δΩM

(3.77)

Therefore, if the trajectory approaches the vertex from above the
separatrix, the equation of state will evolve towards +∞ (−∞) as
long as 2ωλ + σλ + 1 is positive (negative). On the contrary, when
the trajectory goes to the vertex from below the separatrix the equa-
tion of state of the vector field goes to +∞ (−∞) as long as 2ωλ +
σλ + 1 is negative (positive).
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Then, if the parabola is open from above (3(2ωλ + σλ)2 + 2(5ωλ +
2σλ) > 0), irrespective of the sign of 2ωλ + σλ + 1 we have that the
vertex acts as an attractor for some trajectories with solutions whose
equation of state goes to −∞. On the other hand, when the parabola
is open from below (3(2ωλ + σλ)2 + 2(5ωλ + 2σλ) < 0), only when
2ωλ + σλ + 1 is negative the vertex acts as an attractor and, in that

Figure 3.8: In this plot we show the regions where we have the vertex of
the separatrix attracting trajectories with accelerated expansion (green shaded
region) and where there are not solutions attracted by the vertex in which the
expansion is accelerated (white region). We see that, in most of the parameter
space, we have that the vertex attracts some trajectories in which the equation of
state of the vector field diverges evolving towards −∞. The curve plotted in the
graph separates those models in which the separatrix is open from above (outer
region) and those in which the separatrix is open from below (inner region).
Notice that these regions coincide with those in which the critical points P± exist
(separatrix open from above) and they do not (separatrix open from below), as
explained in the main text.
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case, the equation of state in the vertex goes to −∞.

Finally, we would like to comment on the existence of certain models
in which we can have critical points with ΩM 6= 0, 1. Those critical points
can been found from (3.69) by solving dΩM

dN = 0 with respect to x and for
arbitrary values of ΩM and, then, obtain the corresponding critical value
for ΩM from the equation dx

dN = 0. In these critical points, one generally
gets H = 0. The explicit expressions for these critical points are:

x±ΩM
=

2ωλ − σλ − 3±√
2(2ωλ − σλ − 3) [2(5ωλ + 2σλ) + 3(2ωλ + σλ)2]

4ωλ + 2σλ + 1

Ω±
M = −

x±ΩM

[
x±ΩM

+ 3(2ωλ + σλ + 1)
]

Fx(x±ΩM
)

(3.78)

Therefore, only models in which

(2ωλ − σλ − 3)
[
2(5ωλ + 2σλ) + 3(2ωλ + σλ)2

]
> 0 (3.79)

can contain this type of critical points. Moreover, this condition does not
guarantee the existence of physically admissible values for ΩM because
one could, in principle, obtain both positive and negative values for ΩM.
However, these critical points cannot lead to accelerated solutions because
the equation of state for the vector field in such points is identically zero,
i.e., it behaves as a dust fluid.

To summarize the results of this section, we have shown that the fea-
tures of the critical points for the case when we have matter in addition
to the vector field remain unaffected, but the behavior of the separatrix
presents novelties and, generally, in all the models we shall have attract-
ing solutions with future singularities. Finally, we have shown that solu-
tions in which ΩM goes to some values different from 0 and 1 are such
that the equation of state of the vector field goes to zero, i.e., it asymptot-
ically behaves as a matter fluid.
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3.6 Conclusions and discussion

In this Chapter we have developed a general study of the cosmological
evolution of a vector field non-minimally coupled to gravity and without
potential terms. We have given the evolution of this vector field in terms
of the parameters of the theory for the different epochs of the expan-
sion history of the universe, namely: inflation, radiation dominated era
and matter dominated era. We have shown that it is possible to obtain a
wide variety of behaviors for the evolution of the vector field by suitable
choices of the parameters. In particular, we have obtained conditions for
the parameters so that the vector field energy density grows or decays
with respect to that of the dominant component. Moreover, conditions
to have scaling evolution have also been calculated. The case of a uni-
verse dominated by the temporal component of the vector field has been
studied in detail. We have obtained an autonomous system describing
the evolution of the Hubble expansion rate and the vector field. The gen-
eral features of the phase map have been given and all the critical points
have been appropriately characterized. For those points that act as attrac-
tors we have obtained the general conditions under which the vector field
gives rise to accelerated expansion.

To study the viability of these theories as dark energy candidates we
have performed an analysis of the field equations together with Einstein’s
equations when the universe contains matter in addition to the vector
field. Then, we have identified solutions which allow a transition from
matter-domination to vector-domination with accelerated expansion. We
have also shown that these models generally contain future singularities
in which the equation of state diverges and that most of the models can
give rise to periods of accelerated expansion.

In addition to the general results commented above, we have also
found a wide variety of particular model examples with interesting prop-
erties, thus: models with late-time attractors with ΩM 6= 0, 1 all of them
with equation of state for the vector field resembling that of non-relativistic
matter. This type of models could provide vector dark matter candidates.
We have also found models with early time accelerated solutions which
are unstable thus giving rise to possible finite inflationary periods. Two
particular models as candidates to play the role of dark energy are of spe-
cial interest. On one hand, the model with σλ = −2 which has a scaling
behavior during the radiation dominated era. The importance of this fact
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is that it could avoid the need of unnatural initial conditions in the same
way as those quintessence models with scaling evolution. On the other
hand, the model with ω = σ = 0 behaves like a cosmological constant
because its temporal component gives rise to a constant energy density
throughout the expansion history of the universe. These two models will
receive the deserved attention in the last Chapters of this thesis.

We would like to remark that, throughout this Chapter, we have fo-
cused on the viability of vector-tensor theories as candidates for dark
energy just for the first stage, i.e., we have given the general conditions
under which the homogeneous part of a vector-tensor theory can lead
to late-time acceleration. However, to propose a serious candidate one
should also study the perturbations of the corresponding model and
check the presence of instabilities both at classical and quantum levels.
The absence of classical instabilities is required in order not to have ex-
ponentially growing modes that could spoil the predictions of the model
for the zero-mode. The issue of quantum instabilities has to do with
the existence of modes with negative energy (ghosts) so that non-linear
interactions of the field might produce an unlimited number of such par-
ticles. The existence of such instabilities for those vector-tensor theories
which are indistinguishable from GR at small scales will be the goal of
next Chapter by considering perturbations in both the vector field and
the metric.

As a final comment, although we have focused on vector fields as
candidates for dark energy, we would like to mention that, because of
their generality, the results that we have obtained can also be used in
other cosmological contexts in which vector fields could play a relevant
role.



Chapter 4

Viability of vector-tensor theories
of gravity

4.1 Introduction

The thorough classification of the cosmological evolution in general vector-
tensor theories performed in the precedent Chapter has shown the exis-
tence of accelerated solutions for a wide range of the model parameters.
However, the fact that the model contains solutions leading to an accele-
rated universe is only the first step when we want to construct a viable
candidate for dark energy. After confirming the presence of accelerated
solutions in the homogeneous regime, one has to face two sets of addi-
tional conditions which are compulsory in order to consider the model
as a serious candidate, namely consistency with local gravity tests and
absence of instabilities.

The viability of any alternative theory of gravity is subject to its agree-
ment with Solar System experiments, which provide very tight constraints
on the so-called Parameterized-Post Newtonian (PPN) parameters. These
parameters are a set of quantities that characterize most of gravity theo-
ries at small scales and are extremely useful to measure deviations from
GR. They have been measured with high precision by different exper-
iments performed in the Solar System and the results are in excellent
agreement with GR so that any alternative theory of gravity should lead
to the same small scales limit as GR, or very tiny differences. In particular,
the optimal case would be that the alternative theory had the same limit,
i.e., the same set of PPN parameters as GR since, although theories with
different PPN parameters could still satisfy the Solar System test, fine
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tuning of the model parameter would likely be needed in those cases.

On the other hand, the presence of instabilities is a highly undesirable
feature in any physical theory. The nature of such instabilities can be
twofold [118, 119]:

• Classical instabilities. This sort of instabilities are caused by the ex-
istence of exponentially growing modes for the inhomogeneous part
or the fields or, in other words, modes whose propagation speed is
imaginary. A dark energy model having these modes is risky be-
cause the inhomogeneous perturbations of the model will be out of
control and could eventually spoil all the nice properties obtained
for the zero mode so that all the predictions obtained for the homo-
geneous case lack reliability.

• Quantum instabilities. These instabilities appear when we want to
quantize the corresponding theory and are induced by the presence
of modes with negative energy, which are usually called ghosts. The
existence of these ghosts in the theory is very dangerous because it
would allow the creation of an unlimited number of positive energy
particles by emitting ghosts so that the vacuum of theory would be
unstable [24]. Even though this problem arises mostly at the quan-
tum level (which may be out of the scope of the dark energy model),
it is important to note that it also poses a problem at the classical
level because, in a theory containing ghosts, one might produce
gravitational waves carrying positive energy by emitting dark en-
ergy waves with negative energy.

In addition to the problems raised in the previous paragraphs, we
should also mention that some authors consider that the existence of su-
perluminal modes could induce causality inconsistencies [120, 121], al-
though this conclusion is far from clear [122] and even some authors
claim that consistency requires the presence of such modes [119]. For this
reason we shall omit this as a consistency condition, although it could be
easily implemented at some point.

In order to continue with our program of studying general vector-
tensor theories started in Chapter 3 for the homogeneous case, we shall
study the small scales limit and the presence of stabilities in this Chapter.
We shall present the PPN parameters for an arbitrary vector-tensor theory
and use the current Solar System limits to obtain constraints on the am-
plitude of the vector field at Solar System scales. We should remark here
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that such a value does not need to be the same as the cosmological one,
as we shall explain. We have already said above that the optimal case for
an alternative theory of gravity is such that the PPN parameters resemble
those of GR. For this reason we shall obtain the particular vector-tensor
theories which are indistinguishable from GR at small scales (having that
way the same PPN parameters). After that, we shall study the existence
of instabilities in such models, both classical and quantum. We should
remark here that the study of the instabilities will be performed by look-
ing at both metric and vector field perturbations around a Minkowski
spacetime.

This Chapter comprises the results presented in the paper:

• Viability of vector-tensor theories of gravity. Jose Beltrán Jiménez and
Antonio L. Maroto. JCAP 0902:025 (2009).

4.2 Local gravity constraints

We shall start by reminding here the general action for a vector-tensor
theory given in the previous Chapter:

S[gµν, Aµ] =
∫

d4x
√−g

[
− 1

16πG
R + ωRAµ Aµ + σRµν Aµ Aν

+ λ(∇µ Aµ)2 + εFµνFµν
]

(4.1)

with ω, σ, λ, ε dimensionless parameters and Fµν = ∂µ Aν − ∂ν Aµ. Notice
that the term including the Ricci tensor can be rewritten as ∇µ Aµ∇ν Aν −
∇µ Aν∇ν Aµ and that these two terms do not appear independently in the
most general action because they can be recasted in the terms written
in (4.1) so that we obtain the alternative equivalent action given in (3.1).
Moreover, the relations given in (3.3) will allow to translate very straight-
forwardly the results given in this Chapter to the alternative form of the
action.
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For the general vector-tensor theory described by the action (4.1), the
PPN parameters are given by [116]:

γ =
1 + 4ωA2 (

1 + 2ω+σ
ε

)

1− 4ωA2
(

1− 4ω
ε

)

β =
1
4
(3 + γ) +

1
2

Θ
[

1 +
γ(γ− 2)

G

]

α1 = 4(1− γ) [1 + 2ε∆] + 16ωA2∆a

α2 = 3(1− γ)
[

1 +
4
3

ε∆
]

+ 8ωA2∆a− 2
bA2

G
α3 = ξ = ζ1 = ζ2 = ζ3 = ζ4 = 0 (4.2)

with:

Θ =
(1− 4ωA2)(2ε + σ− 2ω)
(1− 4ωA2)2ε + 32ω2A2

∆ =
1

2A2σ2 − 2ε [1− 4A2(ω + σ)]
a = 2ε(1− 3γ) + 2σ(1− 2γ)

b =





(2ω + σ) [(2γ− 1)(γ + 1) + Θ(γ− 2)]
−(2γ− 1)2(2ω + σ + λ)

(
1− 2ω+σ+λ

λ

)
λ 6= 0

0 λ = 0

Moreover, the effective Newton constant is defined as:

Ge f f ≡ G
[

1
2
(γ + 1) + 6ωA2(γ− 1)− 2A2σ(1 + Θ)

]−1

. (4.3)

In the above expressions we have assumed Ge f f = 1 and A is the value
of the vector field at Solar System scales (in units of 1/

√
4πG). The pa-

rameters (γ, β) are usually called the static PPN parameters and measure
the space-curvature produced by a unit mass and the degree of nonlin-
earity relative to GR respectively. The parameter ξ measures effects of
preferred location whereas αi have to do with preferred frame effects.
Finally, α3 and ζi are non-vanishing for theories in which the conserva-
tion of total momentum is violated. In GR, the PPN parameters are such
that γ − 1 = β − 1 = α1 = α1 = α3 = ξ = ζ1 = ζ2 = ζ3 = ζ4 = 0.
On the other hand, for a general vector-tensor theory we see that there
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are neither preferred location effects nor violation of the total momentum
conservations. However, these theories typically lead to preferred frame
effects (as expected because of the presence of a vector field) as well as
deviations from GR for the static PPN parameters. Current observational
limits on the PPN parameters impose very stringent limits on modified
gravity theories because they do not allow much deviation from GR, i.e.,
GR agrees with local gravity tests with very good precision [116]:

γ− 1 <∼ 2.3× 10−5

β− 1 <∼ 2.3× 10−4

α1 <∼ 10−4

α2 <∼ 10−4 (10−7) (4.4)

In order to obtain constraints on the vector field from these limits we
linearize the PPN parameters given in (4.2) as follows:

γ− 1 ' 4ω

ε
[2(ε−ω) + σ] A2

β− 1 ' (2ω− σ)(2ε− 2ω + σ)(4ε− 2ω + σ)
4ε2 A2

α1 ' 16ω(2ε + σ)
ε

A2

α2 '





[
(2ω + σ)2

(
1
ε − 2

λ

)
− 4σ

]
A2 λ 6= 0

4ω
ε [2(ε + ω) + σ] A2 λ = 0

(4.5)

Therefore, we can set that, typically, the vector field at the Solar System
scale will be constrained to be A <∼ 10−2, for models in which all the
parameters are order unity. Let’s remark that this value of the vector field
does not need to coincide with its cosmological value.

On the other hand, the linearized Newton’s constant is given by:

G ' 1−
[
(2ω− σ)2

ε
+ 4(σ−ω)

]
A2 (4.6)

Then, if we use the existing limits on its time-variation Ġ/G <∼ 10−13yr−1

[116] together with the constraints on the vector field obtained above, we
can also set bounds on the cosmological time variation of the vector.

As commented before, since GR agrees with Solar System experiments
with high precision, we shall obtain those vector-tensor theories with the
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same set of PPN parameters as GR, i.e. γ = β = 1 and α1 = α2 = 0.
Notice that the rest of PPN parameters vanishes identically for models
described by (4.1). When we impose that such parameters exactly agree
with those of GR for any value of A, we obtain two sets of compatible
models, according to their behavior in flat space-time, both with ω = 0:

• Gauge non-invariant models. These models have λ 6= 0 and the
corresponding gauge-fixing term (∇µ Aµ)2 breaks the U(1) general
gauge invariance (although it preserves a residual gauge invariance)
in Minkowski spacetime. The three possibilities we obtain in this
case are: i) σ = −4λ = −4ε, ii) σ = −3λ = −2ε, iii) σ = 0.

• Gauge invariant models. In this case we have λ = 0 and the only
term remaining in Minkowski space-time is the gauge invariant one.
The possibilities in this case are σ = mε with m = 0,−2,−4.

Notice that except for the σ = λ = 0 case (which is nothing but GR
plus Maxwell electromagnetism), all the considered cases break gauge
invariance in general space-times. Therefore, there are six different classes
of models which are indistinguishable from GR by means of Solar System
experiments and, therefore, do not spoil the current bounds on the PPN
parameters. To our knowledge best, none of these models (apart from
Maxwell’s theory) had been considered previously in the literature.

4.3 Classical and quantum stability

To study the existence of unstable classical modes and ghosts we shall
perform perturbations around a Minkowski background. In addition, we
will also consider perturbations around the constant background vector
field Aµ = (A, 0, 0, 0). This is possible because Minkowski space-time
is an admissible solution of the theory in the case in which the vector
field takes a constant value, as that introduced above. For this constant
background, the vector field breaks Lorentz invariance and we have a
preferred frame defined as that in which the vector field has only tempo-
ral component. In this background we decompose the perturbations in
Fourier modes and solve the equations for the corresponding amplitudes.
That way, we obtain the dispersion relation, which provides us with the
propagation speed of the modes, that is required to be real in order not to
have exponentially growing perturbations. As we explained above, here
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we shall not care about superluminal propagation of the modes, although
it could be easily imposed at some point. Notice that although we are as-
suming constant background, in practice, this background could evolve
on cosmological timescales.

On the other hand, we define the energy density for the modes as
[104]:

ρ =
〈

T(2)
00 − 1

8πG
G(2)

00

〉
(4.7)

where T(2)
µν and G(2)

µν are the energy-momentum tensor of the vector field
and the Einstein tensor calculated up to quadratic terms in the pertur-
bations and 〈· · · 〉 denotes an average over spatial regions. Then, we in-
sert the solutions obtained for the perturbations into this expression and
study under which conditions they are positive.

Notice also that the preferred frame respects the invariance under spa-
tial rotations and therefore, in order to simplify the analysis we can per-
form the usual split of the perturbations into spin-0 (scalar), spin-1 (vec-
tor) and spin-2 (tensor). For simplicity, the longitudinal gauge has been
chosen in the calculations below, although we have checked that the final
results for the mode frequencies and energy densities defined in (4.7) do
not depend on the gauge choice.

The scalar perturbations of the vector field can be written as Sµ =
(S0, ~∇S) and the perturbed metric in the longitudinal gauge is:

ds2 = (1 + 2φ)dt2 − (1− 2ψ)δijdxidxj (4.8)

For vector perturbations we have Vµ = (0,~v) and the metric is as follows:

ds2 = dt2 + 2~F · d~xdt− δijdxidxj (4.9)

with ∇ · ~v = ∇ · ~F = 0. Although the vector field does not generate
tensor perturbations, we still can have effects on the gravitational waves
propagation by the presence of the background vector field as we shall
see later. Let us first consider the scalar and vector perturbations.
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4.3.1 Gauge non-invariant models

Model I: σ = −4λ = −4ε

In this model, the Fourier components of the gravitational potentials re-
late to those of the vector field as follows1:

φk =
2εA

1 + 4εA2

[
S0k − 3Ṡk

]
, (4.10)

ψk =
2εA

1 + 4εA2

[
(1− 16εA2)Ṡk + S0k

]
, (4.11)

whereas S0k and Sk are related to each other by means of:

S0k = − 1
k2(1− 4εA2)

[
24εA2k2 dSk

dt

+ (1 + 4εA2)(1 + 8εA2)(1 + 32εA2)
d3Sk
dt3

]
. (4.12)

Thus, the problem is solved once we know the solution of Sk, which
happens to satisfy the following fourth order equation:

d4Sk

dt4 +
k2

(1 + 8εA2)(1 + 32εA2)

[
2(1 + 20εA2)

d2Sk
dt2 + k2Sk

]
= 0. (4.13)

This equation yields two independent modes:

Sk = C1e−iω1t + C2e−iω2t, (4.14)

with their respective dispersion relations:

ω2
1 =

k2

1 + 32εA2 , (4.15)

ω2
2 =

k2

1 + 8εA2 . (4.16)

Then, in order to have stable solutions we need to satisfy the following
condition:

−32εA2 < 1 (4.17)

because, in that case, both modes have real propagation speeds.

1Hereafter we will measure the field in units of 1/
√

4πG as in the PPN parameters
expressions.
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On the other hand, the energy density evaluated over the solutions for
each mode is given by:

ρ
(s)
ω1 = −96ε2A2k4 (1 + 64εA2)

(1− 32εA2)2 |C1|2 (4.18)

ρ
(s)
ω2 = 96ε2A2k4 (1 + 16εA2)

(1 + 4εA2)2 |C2|2 . (4.19)

These energies are both positive under the following constraint:

1 < −64εA2 < 4. (4.20)

Now, by combining (4.17) and (4.20) we find the following viability con-
dition for the scalar modes:

1 < −64εA2 < 2. (4.21)

Concerning vector perturbations, we obtain the following relation be-
tween the amplitudes:

~Fk =
8εA2

1 + 8εA2~vk (4.22)

and both evolve as plane waves with the following dispersion relation:

ω2 =
k2

1 + 8εA2 (4.23)

which leads to the stability condition:

−8εA2 < 1. (4.24)

Finally, the energy density associated to the vector perturbations is given
by:

ρ(v) = −4ε
1 + 16εA2

(1 + 8εA2)2 k2 |~v0k|2 . (4.25)

From this expression we see that ε must be negative and we have to
satisfy:

−16εA2 < 1 (4.26)

in order not to have vector modes with negative energy.

In this model, according to the definition given in (4.3), G = 1 and
the constraints on the variation of G do not set any limit on the possible
variation of A.
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Model II: σ = −3λ = −2ε

In this case, φ and ψ are given in terms of the perturbation of the vector
field as follows:

φk = − 3λA
1 + 3λA2 Ṡk, (4.27)

ψk = 3λA
1 + 6λA
1 + 3λA2 Ṡk. (4.28)

On the other hand, the perturbation S0k can be expressed as:

S0k = − 1
2k2(1 + 3λA2)

[
(1 + 6λA2)(1 + 15λA2)

d3Sk
dt3

− k2(1− 3λA2)
dSk
dt

]
. (4.29)

Then, all the perturbations are given in terms of Sk, for which we can
obtain the following fourth-order differential equation:

d4Sk

dt4 + 2k2 1 + 3λA2

(1 + 6λA2)(1 + 15λA2)

[
2(1 + 9λA2)

d2Sk
dt2 + k2Sk

]
= 0.(4.30)

The solution of this equation is a superposition of two independent modes:

Sk = C+e−iω+t + C−e−iω−t, (4.31)

with their respective dispersion relations:

ω2± =
k2

(1 + 6λA2)(1 + 15λA2)

[
1 + 12λA2 − 27λ2A4

±3|λ|A2
√

(1 + 3λA2)(5 + 27λA2)
]

. (4.32)

Then, we have two modes with two different speeds of propagation which
depend on λA2 as it is shown in Fig. 4.1. The ω−-mode has real propaga-
tion speed for λA2 > − 1

6 , whereas for the ω+-mode to have real propaga-
tion speed we need to satisfy either λA2 > − 1

15 or λA2 < − 1
3 . Therefore,

the necessary condition in order not to have instabilities is λA2 > − 1
15 .

Finally, the degeneracy disappears for λA2 = 0 when both propagation
speeds are 1, recovering thus the usual result.
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Figure 4.1: This plot shows the dependence of both modes propagation speeds
on λA2 for the model II: blue for ω+ and dashed-red for ω−.

The energy density corresponding to each mode can be expressed as:

ρ
(s)
± = λ f±(λA2)k4 |C±|2 , (4.33)

where f±(λA2) are the functions plotted in Fig. 4.2. Notice that f and λ
must have the same sign for the energy density to be positive. We find
the following condition in order to have positive energy density for both
modes:

λA2 ∈ (−0.5,−0.383) ∪ (−0.105,−0.033). (4.34)

For this model, the vector perturbation on the metric relates to that of
the vector field by means of:

~Fk =
6λA

1 + 6λA2~vk, (4.35)

which evolve as:

~vk = ~v0ke−iωvt, (4.36)

where ~v0k ·~k = 0 and

ω2
v =

1 + 3λA2

1 + 6λA2 k2. (4.37)

From this expression we obtain that for λA2 > − 1
6 the propagation speed

is real.
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Figure 4.2: This plot shows the functions f±(λA2) which determine the sign of
the energy density for the scalar modes in the model II: blue for f+ and dashed-
red for f−

The energy density corresponding to the vector perturbations is:

ρ(v) = −6λk2 1 + 12λA2 + 18λ2A4

(1 + 6λA2)2 |~v0k|2 . (4.38)

One can easily verify that this expression is positive if:

λA2 ∈ (−∞, c−] ∪ [c+, 0] , (4.39)

with c± = −1
3(1∓ 1√

2
). Note that λ < 0 is a necessary condition and that

the singular value λA2 = − 1
6 is not contained in the interval.

In this case, G = 1− 6λA2. The present constraints on the variation of
the Newton’s constant will translate into a limit on the possible variation
of A which will depend on the present cosmological value of A.

Model III: σ = 0

The perturbations of this model propagate at the speed of light so there
are no classically unstable modes. However, the scalar perturbations are
not just plane waves, but they have also a growing mode:

S0k = [−ikµ(D0 + ikD)t + D0] e−ikt,

Sk = [µ(D0 + ikD)t + D] e−ikt, (4.40)
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with

µ =
2ε− λ− 8λεA2

2ε− 8λεA2

In principle, this solution can give rise to both positive or negative
energies depending on the value of the amplitudes. However, there exists
a way to get this difficulty around which is motivated by the fact that the
action corresponding to this model can be rewritten as that of Maxwell’s
electromagnetism in the Gupta-Bleuler formalism, that is:

S =
∫

d4x
√−g

[
− 1

16πG
R− 1

4
FµνFµν +

ξ

2
(∇µ Aµ

)2
]

. (4.41)

Notice that this action is the physically relevant action in the covariant
formalism, since the energy of the modes and all the observables are
calculated from (4.41) (see for instance [123]). In order to get rid of the
negative energy modes, it is necessary to restrict the Hilbert space of
the theory, by imposing the (Lorentz) condition 〈φ|∂µ Aµ|φ〉 = 0, which
determines the physical states |φ〉. Indeed, this is equivalent to remove
the growing mode i.e. D0 = −ikD so that perturbations of the vector field
propagate as pure plane waves. Then, using this condition we obtain
that, as in the electromagnetic case, in the restricted Hilbert space, the
energy of the scalar modes is identically zero. A detailed treatment of the
quantization for this model will be performed in Chapter 6.

The solution of the vector perturbation of the vector field is:

~vk = ~v0ke−ikt (4.42)

Moreover, the vector perturbation of the metric vanishes.

The energy density associated to the vector perturbations is:

ρ(v) = −2εk2 |~v0k|2 (4.43)

which is positive if ε < 0.

In this model we have again G = 1 and no constraints on the variation
of A can be established.

4.3.2 Gauge invariant models

Since the case m = 0 is nothing but Einstein’s gravity plus electromag-
netism (which can be easily seen to satisfy all the viability conditions), we
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shall focus just on the cases m = −2,−4. In such cases, we can obtain the
following relations between the perturbations:

Ṡk = −1− (m + 3)mεA2

mεA(1− 2mεA2)
ψk,

S0k = −1 + mεA2(3 + 2m2εA2)
mεA(1− 2mεA2)

ψk,

φk = ψk + 2mεAṠk. (4.44)

Therefore, all the perturbations can be immediately obtained once we
know the solution of ψk which happens to evolve as:

ψk = Cke−iωst, (4.45)

with:

ω2
s =

1
3

3− 2(4 + m)mεA2

1− 2mεA2 k2. (4.46)

Then, the classical stability of these modes is guaranteed in the range:

εA2 ∈
(
−∞,

3
2(4 + m)m

)
∪

(
1

2m
, ∞

)
.

Notice that the first interval vanishes for the model with m = −4.

When we insert the corresponding solutions into the energy density
we obtain:

ρ(s) =
3− 4mεA2 (

3− (4 + m)mεA2)

2πG(1− 2mεA2)
k2 |Ck|2 . (4.47)

This energy density is positive for:

εA2 ∈ (a−,
1

2m
) ∪ (a+, ∞) , (4.48)

with:
a± =

1

2m
(

1±
√
− 1+m

3

) . (4.49)

Notice that a− is −∞ for the model m = −4.

On the other hand, the vector perturbations of the field evolve as plane
waves ~vk = ~v0ke−iωvt with the following dispersion relation:

ω2
v =

1− (2 + 1
2 m)mεA2

1− 2mεA2 k2, (4.50)
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which imposes the condition:

εA2 ∈
(
−∞,

1
(2 + 1

2 m)m

)
∪

(
1

2m
, ∞

)

in order to have real propagation speed. Notice that for m = −4 the first
interval vanishes.

Besides, the vector perturbation of the metric relates to ~v by means of:

~Fk = − 2mεA
1− 2mεA2~vk. (4.51)

These solutions for the vector perturbations lead to the following expres-
sion for the energy density:

ρ(v) = −ε
1− 4mεA2

(
1− (1 + 1

4 m)mεA2
)

(1− 2mεA2)
k2 |~v0k|2 (4.52)

The requirement for this energy to be positive is:

εA2 ∈
(

b−,
1

2m

)
∪ (b+, 0) , (4.53)

where
b± =

1
m(2±√−m)

(4.54)

Note also that for m = −4, b− becomes −∞.

In this case we get: G = 1 + εm(4 + m)A2, so the only model with
G 6= 1 is that with m = −2.

4.4 Gravitational Waves

At first glance, one may think that as the vector field does not gener-
ate tensor modes at first order, gravitational waves will not be affected.
However, the presence of a constant value of the vector field in the back-
ground can modify the speed of propagation of tensor perturbations. For
the general vector-tensor action (4.1) with ω = 0 we have the following
dispersion relation:

ω2
t =

k2
√

1− 2σA2
(4.55)
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Model I Model II Model III Gauge invariant models
m = −2, −4

Classical stability −32εA2 < 1 −15λA2 < 1 Always εA2 /∈
[

1(
2+ 1

2 m
)

m
, 1

2m

]

Gravitational waves −16εA2 < 1 −12λA2 < 1 Unaffected 4mεA2 < 1

Quantum stability 1 < −64εA2 < 4 λA2 ∈ (−0.098,−0.033) ∂µ Aµ = 0 and ε < 0 εA2 ∈
(

a− , 1
2m

)
∪ (b+ , 0)

Viability condition 1 < −64εA2 < 2 λA2 ∈
(
− 1

15 ,−0.033
)

∂µ Aµ = 0 and ε < 0 εA2 ∈
(

b+ , 1
4m

)

Table 4.1: In this table we summarize the conditions obtained in order to have
both classical and quantum stability for the models with the same set of PPN
parameters as GR studied in this Chapter. The m = 0 gauge invariant model
satisfies all the viability conditions.

for both ⊕ and ⊗ polarizations. Therefore, the speed of gravitational
waves is modified in the presence of the vector field, recovering the usual
value for A = 0. Thus, if 2σA2 < 1 we do not have unstable modes.
In particular, the constraint σ ≤ 0 is a sufficient condition (although not
necessary) which is independent of the background vector field.

On the other hand, the energy density associated to the tensor pertur-
bations is also modified by the presence of the background vector field:

ρ(t) =
k2

32πG
1− 4σA2

1− 2σA2

(
|C⊕|2 + |C⊗|2

)
(4.56)

where C⊕, C⊗ are the amplitudes of the corresponding graviton polariza-
tions.

Then, in order not to have modes with negative energy density we
need either 2σA2 > 1 or 4σA2 < 1. These conditions combined with the
classical stability condition lead to the constraint 4σA2 < 1. For models I
and II this condition reads −16εA2 < 1 and −12λA2 < 1 respectively. On
the other hand, Model III has σ = 0 so gravitational waves are unaffected.
Finally, for the gauge invariant models we obtain εA2 < 1

4m .
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4.5 Conclusions and discussion

In this Chapter we have given the PPN parameters for a general vector-
tensor theory and used the current limits from Solar System experiments
to obtain constraints on the model parameters value of the vector field
at small scales. However, the small scales amplitude obtained for the
vector field from Solar System tests does not apply for the correspond-
ing cosmological value. In fact, to relate both values one should give the
physical mechanism that originated the vector field so that one can cal-
culate the primordial power spectrum that would yield the amplitude for
the vector field at any scale and, thus, one could compare the predictions
coming from the theory and the amplitude given by the Solar System
tests. On the other hand, we have obtained those vector-tensor theories
whose PPN parameters are exactly the same as those of GR for any value
of the background vector field A so that one cannot distinguish between
both theories just by small scales experiments. We have found that there
are only six models satisfying this condition that can be classified in two
groups attending to its symmetries in flat spacetime.

For those models with the same set of PPN parameters as GR we have
analyzed the presence of both classical and quantum instabilities by con-
sidering perturbations in both the metric and the vector field. Then, we
have split the perturbations into scalar, vector and tensor parts and the
conditions for the stability of each sector have been given and summa-
rized in Table 4.4. We have found that only two models satisfy all the
consistency conditions, namely Maxwell theory and Maxwell theory sup-
plemented with a gauge-fixing term. The former was already known to
be a viable theory, whereas the latter is especially interesting in a cos-
mological context because, as commented in Chapter 3, this theory gives
rise to a cosmological constant-like contribution to Friedmann equation
so that it can play the role of dark energy. For this reason, this particu-
lar model will be exhaustively studied in the last Chapter of this thesis.
Here, we will only remark the fact that such a theory looks exactly like
the starting action in the quantization of the electromagnetic field in the
covariant formalism. Indeed, this will motivate us to identify this field
with the electromagnetic field as a dark energy candidate.

To end this Chapter we will comment on the fact that we have focused
on the stability of the those models with the same set of PPN parameters
as GR, but this does not exclude the possibility of having other stable
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vector-tensor theories. However, these theories will be subject to the con-
straints (4.4) for the amplitude of the vector field on Solar System scales,
although this is not an extremely serious problem if the primordial power
spectrum is red-tilted or the sub-Hubble modes are suppressed for some
reason.



Chapter 5

Cosmic Vector for dark energy

5.1 Introduction

In this Chapter we shall present a particular vector-tensor model in which
the vector field can play the role of dark energy. However, our aim is not
merely to propose a new dark energy candidate to add to the already
existing plethora of possible explanations for the accelerated expansion
of the Universe, but to go a step further and contributing a possible solu-
tion to the coincidence problem affecting most of the dark energy models
proposed to date. For this purpose, the detailed treatment of the cosmolo-
gical evolution carried out in Chapter 3 for a general vector-tensor theory
turns out to be extremely useful because we only need to specify the de-
sired properties for the behavior of the vector field and then choose the
action parameters accordingly. Naturally, we will be left with, at least,
one free parameter related to the normalization of the field so that we
shall be able to fix it by means of a normalization choice. Since we are
concerned about solving the coincidence problem, we shall require the
model to have scaling properties during the radiation dominated epoch
so that (hopefully) we do not need to introduce unnatural initial con-
ditions in the same fashion as in the usual scaling quintessence models
explained in the first Chapter. To that end, we only need to look at Fig.
3.1 to realize that such a model corresponds to σλ = −2. The parameter ω
remains undetermined by the scaling behavior requirement because the
scalar curvature R vanishes in a radiation-dominated universe so that the
ω-term in the action, being proportional to R, cannot affect the scaling
property of the vector field in such an epoch. However, we can appeal
to the small scales behavior of the theory in order to fix ω because, as
we can see from the PPN parameters given in (4.2), the condition ω = 0
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guarantees that the static PPN parameters γ and β are the same as those
of GR. Naturally, this model will have preferred frame effects, encoded in
a non-vanishing value of α2, so that the amplitude of the vector field at
small scales will be constrained by Solar System experiments.

The fact that the vector field behaves as a radiation fluid at early times
is a desired property for the model not to be sensitive to the initial condi-
tions. However, this does not guarantee the absence of either fine-tunings
or unnatural initial conditions for the vector field. Moreover, after the
equality time when the Universe starts being dominated by the matter
fluid, the energy density of the vector field will change its evolution and
the new evolution should enable the vector field to be able to dominate
the Universe at late times, i.e its energy density should grow with respect
to the matter contribution. We shall show that this is indeed the case for
the parameters choice (in particular for ω = 0) so that the vector field can
actually play the role of dark energy.

Although we shall be mostly focused on the study of the homoge-
neous cosmology of the model, we cannot forget the viability require-
ments concerning both the small scales behavior and the presence of in-
stabilities that we have discussed in the previous Chapter. Notice that,
since the PPN parameters of this model differ from those of GR, it does
not fit in the analysis performed in Chapter 3 and a particular investi-
gation is required. From the very construction of the model we already
know that it will lead to some preferred frame effects that will be con-
strained by Solar System experiments. However, this could pose a prob-
lem in the case in which the field amplitude on Solar System scales turns
out to be too large.

Finally, we shall eventually confront the model to observations to
check how well it works in explaining the cosmological observations. This
is what we shall be doing in the last part of the Chapter by using geo-
metrical tests to constrain the cosmological parameters of the model. It
is interesting to note that the model will have the same number of pa-
rameters as the standard ΛCDM model because we have fixed all the
parameters in the action so that there is no much room to play, at least
not more than in ΛCDM.

This Chapter is based on the following works:
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• Cosmic vector for dark energy: constraints from supernovae, cosmic mi-
crowave background and baryon acoustic oscillations.
Jose Beltrán Jiménez, Ruth Lazkoz and Antonio L. Maroto.
Physical Review D80, 023004 (2009).

• Cosmic vector for dark energy.
Jose Beltrán Jiménez and Antonio L. Maroto.
Physical Review D78, 063005 (2008).

5.2 Vector Dark energy

As we have already explained in the Introduction, the vector-tensor the-
ory giving rise to a scaling behavior during the radiation dominated era
reads:

S =
∫

d4x
√−g

[
− R

16πG
− 1

4
FµνFµν − 1

2
(∇µ Aµ

)2 + Rµν Aµ Aν

]
. (5.1)

Notice that the theory contains no free parameters, the only dimensional
scale being Newton constant and the numerical factors in front of the
vector kinetic terms can be fixed by the field normalization. It is interest-
ing to note that a modification in the factor in front of the Maxwell-like
FµνFµν term does not modify the homogeneous evolution of the tempo-
ral component so that one could, in principle, modify it without spoiling
the predictions for the homogeneous evolution. Moreover, we can see that
the vector sector of the theory corresponds to a vector field supplemented
with a gauge-fixing term in the Feynman gauge and a direct coupling to
the Ricci tensor which acts as an effective matrix mass term for the vector
field. The alternative way of writing the action is as follows:

S =
∫

d4x
√−g

[
− R

16πG
− 1

2
∇µ Aν∇µ Aν +

1
2

Rµν Aµ Aν

]
, (5.2)

where, as we said above, we can safely add a Maxwell term F2 with-
out modifying the homogeneous cosmology of the model. Indeed, this
freedom could be helpful at some point when going through the inhomo-
geneous perturbations.

The classical equations of motion derived from the action in (5.1) are
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the Einstein and vector field equations given by:

Rµν − 1
2

Rgµν = 8πG(Tµν + TA
µν), (5.3)

¤Aµ + Rµν Aν = 0, (5.4)

where Tµν is the conserved energy-momentum tensor for matter and ra-
diation (or other possible components present in the Universe) and TA

µν

is the energy-momentum tensor coming from the vector field sector and
whose expression can be found in (3.5). Since we want the vector field to
play the role of dark energy, we shall proceed to study the homogeneous
cosmology of the model. Moreover, the highly isotropic CMB that we ob-
serve today with anisotropies only at 10−5 level1 motivates us to neglect
possible contributions from the spatial components of the vector field.
Naturally, we should (and shall) eventually check the consistency of such
an assumption. With the mentioned requirements, the vector field takes
the form Aµ = (A0(t), 0, 0, 0) so that, even though it is a vector field, we
are left with only one degree of freedom (at the background level). Fi-
nally and for simplicity we shall consider the spatially flat case and leave
the non-flat case for a later study. For the FLRW metric (5.4) reads:

Ä0 + 3HȦ0 − 3
[
2H2 + Ḣ

]
A0 = 0, (5.5)

where, as always, H = ȧ/a is the Hubble parameter. Assuming that
the Universe has gone through radiation and matter phases in which
the contribution from dark energy was negligible, we can easily solve
these equations in those periods just taking H = p/t, with p = 1/2 for
radiation and p = 2/3 for matter eras respectively, which is equivalent
to assume that a ∝ tp. In that case, the general solution of the above
equation has a growing and a decaying mode:

A0(t) = A+
0 tα+ + A−0 tα− , (5.6)

with A±0 constants of integration and α± = −(1± 1)/4 in the radiation
era, and α± = (−3±√33)/6 in the matter era.

On the other hand, the Friedmann equation reads:

H2 =
8πG

3

[
∑
α

ρα + ρA

]
, (5.7)

1Leaving aside the 10−3 dipole contribution which is usually ascribed to our relative
motion with respect to the CMB photons and that has been thoroughly discussed in
Chapter 2.
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Figure 5.1: Left panel: evolution of energy densities. Dashed (red) for radiation,
dotted (green) for matter and solid (blue) for vector dark energy. We also show
for comparison the cosmological constant energy density in dashed-dotted line.
We see the rapid growth of dark energy contribution at late times approaching
the final singularity. Right panel: cosmological evolution of the vector field. In
these two plots we see the unimportance of the time at which we set the initial
conditions due to the fact that both the vector field and the fraction of dark
energy density are constant in the early Universe.

with α = M, R and:

ρA =
3
2

H2A2
0 + 3HA0Ȧ0 − 1

2
Ȧ2

0 (5.8)

the energy density associated to the vector field. Using the growing mode
solution in (5.6) we obtain:

ρA = ρA0aκ, (5.9)

with κ = −4 in the radiation era and κ = (
√

33− 9)/2 ' −1.63 in the
matter era. Thus, the energy density of the vector field starts scaling as
radiation at early times (as we had required), so that ρA/ρR = const.
However, when the Universe enters its matter era, ρA starts growing rel-
ative to ρM eventually overcoming it at some point, in which the dark
energy vector field would become the dominant component. From that
point on, we cannot obtain analytic solutions to the field equations. In
Fig. 5.1 we show the numerical solution to the exact equations, which
confirms our analytical estimates in the radiation and matter eras. Notice
that, since A0 is essentially constant during radiation era, the solutions
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do not depend on the precise time at which we specify the initial con-
ditions as long as we set them well inside the radiation epoch. Thus,
once the present value of the Hubble parameter H0 and the constant A0
during radiation (which fixes the total matter density ΩM) are specified,
the model is completely determined. In other words, this model contains
the same number of parameters as ΛCDM, i.e. the minimum number of
parameters of any cosmological model with dark energy. On the other
hand, as seen from Fig. 5.1 the evolution of the Universe ends at a finite
time tend with a singularity in which a → aend with aend finite, ρDE → ∞
and pDE → −∞. This corresponds to a Type III (Big Freeze) singularity
according to the classification in [124].

We can also calculate the effective equation of state for dark energy as:

wDE =
pA

ρA
=
−3

(
5
2 H2 + 4

3 Ḣ
)

A2
0 + HA0Ȧ0 − 3

2 Ȧ2
0

3
2 H2A2

0 + 3HA0Ȧ0 − 1
2 Ȧ2

0
. (5.10)

Again, using the approximate solutions in (5.6), we obtain;

wDE =

{
1
3 radiation era
3
√

33−13√
33−15

' −0.457 matter era
(5.11)

After dark energy starts dominating, the equation of state abruptly falls
towards wDE → −∞ as the Universe approaches tend. As shown in Fig.
5.2 the equation of state can cross the so-called phantom divide line, so
that we can have wDE(z = 0) < −1.

Our next step will be to confront the predictions of the model with
observations of high-redshift type Ia supernovae. At this moment we
only want to check the consistency of the model with the cosmological
observations2 and compute the scale for the constant value of the field
during the radiation era as well as the required initial fraction of dark
energy inferred from observations. These findings will enable us to dis-
cuss whether the model actually suffers from either fine-tunings or nat-
uralness problems. In order to do that, we shall calculate the distance
modulus µ(z) as a function of redshift. Then, comparing µth(z) with its
observational value in a given data set will enable us to carry out a χ2

statistical analysis. For this purpose, we have considered two sets of su-
pernovae: the Gold set [125], containing 157 points with z < 1.7, and the

2A more detailed analysis by considering spatial curvature and a more extended data
set comprising observations from SNIa, CMB and BAO will be performed in Section
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independent SNLS data set [126], comprising 115 supernovae but with
lower redshifts (z < 1).

Figure 5.2: Left Panel:Evolution of dark energy equation of state for the best fit
model. The lower panel shows the 1σ confidence interval. Right panel: Distance
modulus vs. redshift. The experimental data corresponds to the Gold data set.
The continuous (blue) line corresponds to the best fit for the vector model. The
dashed (green) line is the prediction for the ΛCDM model. The inner panel
shows the difference in distance modulus from the pure cosmological constant
case.

In Table 5.1 we show the results for the best fit together with its corre-
sponding 1σ intervals for the two data sets. We also show for comparison
the results for a standard ΛCDM model. We see that the vector model
(VCDM) fits the data considerably better than ΛCDM (at more than 2σ)
in the Gold set, whereas the situation is reversed in the SNLS set. This
is just a reflection of the well-known 2σ tension [127] between the two
data sets. The best fit parameters for the VCDM model are identical
for the two data sets with small differences in the confidence intervals.
Compared with ΛCDM, we see that VCDM favors a younger Universe
(in H−1

0 units) with larger matter density. In addition, the deceleration-
acceleration transition takes place at a lower redshift in the VCDM case.
Another important difference arises in the present value of the equation
of state with w0 = −3.53+0.46

−0.57 which clearly excludes the cosmological
constant value −1.

We have also compared with other parameterizations for the dark en-
ergy equation of state. Thus, for instance, taking wDE(z) = w0 + w1z(1 +
z)−1 [128, 129], we find χ2 = 173.5 for the Gold set. Since this is a three-
parameter fit, in order to compare with the one-parameter fits of VCDM
or ΛCDM, we use the reduced chi-squared: χ2/d.o. f = 1.108 for VCDM,
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VCDM ΛCDM VCDM ΛCDM
Gold Gold SNLS SNLS

ΩM 0.388+0.023
−0.024 0.309+0.039

−0.037 0.388+0.022
−0.020 0.263+0.038

−0.036

w0 −3.53+0.46
−0.57 −1 −3.53+0.44

−0.48 −1

A0 3.71+0.022
−0.026 — 3.71+0.020

−0.024 —
(10−4 MP)

zT 0.265+0.011
−0.012 0.648+0.101

−0.095 0.265+0.010
−0.012 0.776+0.120

−0.108

t0 0.926+0.026
−0.023 0.956+0.035

−0.032 0.926+0.022
−0.022 1.000+0.041

−0.037
(H−1

0 )

tend 0.976+0.018
−0.014 — 0.976+0.015

−0.013 —
(H−1

0 )

χ2
min 172.9 177.1 115.8 111.0

Table 5.1: Best fit parameters with 1σ intervals for the vector model (VCDM) and
the cosmological constant model (ΛCDM) for the Gold (157 SNe) and SNLS (115 SNe)
data sets. w0 denotes the present equation of state of dark energy. A0 is the constant
value of the vector field component during radiation. zT is the deceleration-acceleration
transition redshift. t0 is the age of the Universe in units of the present Hubble time. tend
is the duration of the Universe in the same units.
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χ2/d.o. f = 1.127 for the (w0, w1) parametrization and χ2/d.o. f = 1.135
for ΛCDM. As a matter of fact, to our knowledge best, VCDM pro-
vides the best fit to date for the Gold data set, since the oscillatory four-
parameter model previously reported in [130] still has χ2/d.o. f = 1.115.

The evolution of dark energy for the best-fit model is plotted in Fig.
5.1. We see that unlike the cosmological constant case, throughout the
radiation era ρDE/ρR ∼ 10−6. Notice that although the onset of cosmic
acceleration depends on the value of A0 during that era, for the best-fit
we have A0 = 3.71× 10−4 MP, which is relatively close to the Planck scale
and could arise naturally in the early Universe without the need of intro-
ducing extremely small parameters. Hence, we see that this model can
actually help alleviating the coincidence problem present in most dark
energy models because it does not require the introduction of unnatural
scales. We should remind here that this was not guaranteed from the very
beginning, even though we designed the model to have scaling properties
during the early Universe, because the required initial condition for the
vector field in order to fit the observations could have happened to be
unnaturally small.

5.3 Phase Map

We can gain some understanding on the properties of the model by look-
ing at the corresponding phase map, which is nothing but a particular
case of the general study performed in Chapter 3. The associated au-
tonomous system for this model is given by:

dH
dN

= −3
2

4(x2 − 2x + 3)− (3x2 − 2x + 15)ΩM

(x− 3)2 − 12ΩM

dx
dH

= −1
2

(x2 − 6x− 3)[2x2 − 6x + 3(3x− 1)ΩM]
(x− 3)2 − 12ΩM

dΩM

dN
= 3

3x2 − 2x + 3
(x− 3)2 − 12ΩM

ΩM(1−ΩM) (5.12)

with x ≡ Ȧ0
HA0

and N ≡ ln a. We can see that this model, having σλ = −2
and ωλ = 0, lies in the shaded region of Fig. 3.3 so that its phase map
has the two critical points x±c and they are different. By looking at Fig.
3.5 we realize that this model corresponds to the class I according to the
classification of Table 3.1 so that P0 and P+ are attractor nodes, P− is
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Figure 5.3: In this plot we show the phase map of the autonomous system
associated to this model. The red line represents the realistic trajectory with
x = 3 and ΩM ' 1 explained in the main text. We can see that such a solution
evolves towards the vertex of the separatrix.

a saddle point with µx > 0 and the sepratrix has repelling properties.
This latter circumstance seems to contradict our findings of the previous
Section because we have seen that the cosmological evolution leads to a
future singularity corresponding to a solution approaching the separatrix,
but this repels the trajectories. However, we have to remember that the
mentioned classification was performed in the case of vector dominance
and we need to consider the effects of introducing a matter component
in which case, as we showed in Chapter 3, most of the models lead to
future singularities with w → −∞ as the one that we have found for the
present model (see Fig. 3.8). However, although we know that there are
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trajectories attracted by the vertex of the separatrix we need to ensure
that our initial conditions are such that the corresponding trajectory gets
attracted by the separatrix. To see this, we first have to note that the
separatrix is given by the equation ΩM = 1

12(x− 3)2 and, in particular, the
vertex corresponds to x = 3 and ΩM = 0. Since the vector field evolves
in the matter dominated era as A0 ∝ tα+ as shown in (5.6) we have that
x = 3/2α+ ' 0.67 in such an epoch. However, for x ' 0.67 we have
that the separatix goes by ΩM ' 0.45 so that the points corresponding to
realistic initial condition with x ' 0.67 and ΩM ' 1 belong to the region
above the separatrix whose trajectories, as we can see from Fig. 5.3, are
attracted towards the vertex, in agreement with our previous result.

On the other hand, we can calculate the value that the vector field
takes in the singularity by considering the Friedmann equation (5.7),
which can be written close to the singularity (where we can safely ne-
glect the matter contribution) and in terms of the variable x as:

1 =
8πG

3
A2

0

(
3
2

+ 3x− 1
2

x2
)

. (5.13)

Hence, since x = 3 in the singularity we have that (1− 16πGA2
0,end) = 0,

i.e., A2
0,end = (16πG)−1. We shall see later that this is indeed the value of

the background vector field for which the inhomogeneous perturbations
become unstable.

5.4 Anisotropic evolution

So far we have only considered the temporal component of the vector
field to analyze the homogeneous cosmology of the model. However, the
presence of spatial components could, in principle, have adverse effects
because it could give rise to extremely large anisotropies that could be
in conflict with CMB data. For this reason, in the following we shall
study the evolution of the spatial components. Without loss of generality
we shall take the spatial component lying along the z-axis. Then, the
equation of motion for such a component is:

Äz + HȦz − 2
(

Ḣ + 3H2
)

Az = 0 (5.14)

whose general solution for a power law expansion with H = p/t is:

Az(t) = A+
z t2p + A−z t1−3p. (5.15)
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Therefore, in a radiation dominated Universe (p=1/2) we have that Az
grows proportionally to the cosmic time, whereas in the matter era (p=2/3)
it grows as t4/3. On the other hand, the energy density corresponding to
the spatial component is given by:

ρAz =
1

2a2

(
4H2A2

z − 4HAz Ȧz + Ȧ2
z

)
. (5.16)

When we insert the full solution (5.15) into the expression for the energy
density we find:

ρAz =
(A−z )2

2a8

(
25p2 − 10p + 1

)
. (5.17)

The remarkable result is that the energy density of the spatial component
depends only on the decaying mode and, in addition, it decays as a−8

irrespectively of the particular expansion rate. Hence, even though the
spatial component grows faster than the temporal component, the physi-
cally relevant quantity, i.e., the energy density, is dominated by the contri-
bution coming from the temporal component since ρAz /ρA0 ∝ a−(κ+8). In
particular, we have that ρAz /ρA0 ∝ a−4 in the radiation era and ρAz /ρA0 ∝
a−6.37, so the contribution of the spatial components to the energy density
can be safely neglected.

Another effect that can arise from the spatial components of the vector
field is the generation of anisotropies. Such effect is originated by the
presence of stresses in the energy-momentum tensor so we shall study
the corresponding evolution of such stresses in order to quantify their
importance. One can naively estimate whether they will be important
by studying the evolution of the quantity (p‖ − p⊥)/ρA0 , with p‖ the
pressure along the direction of the spatial component (z-axis) and p⊥ is
the pressure along the perpendicular direction (xy-plane). The difference
of pressures is given by:

p‖ − p⊥ =
3
a2

(
4H2A2

z − 4HAz Ȧz + Ȧ2
z

)
(5.18)

and we see that p‖− p⊥ = 6ρAz so, according to the discussion concerning
the energy density of the spatial components, this difference of pressures
will be strongly suppressed as well. This fact can also be seen from the
expression given in the general analysis of Chapter 3 for the degree of
anisotropy. Indeed, if we calculate the degree of anisotropy given by (3.14)
we find that h ∝ t2−8p so that it decays as t−2 and t−10/3 in the radiation
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and matter eras respectively, what confirms our previous estimate. This
is again a consequence of the fact that the growing mode of Az does not
contribute to the energy-momentum components.

To summarize, we have found that the potential problems that may
arise when considering spatial components of the vector field are not
such because the total energy density is essentially given by the contribu-
tion coming from the temporal component, being ρAz negligible, and the
possible anisotropies related to the presence of those spatial components
decay as the Universe expands. Therefore, the results given in the previ-
ous Sections by considering only temporal components of the vector field
are perfectly reliable.

5.5 Stability and consistency

In order to study the model stability we have to consider the evolution of
metric and vector field perturbations and follow the procedure described
in Chapter 4. That way, we shall consider a Minkowski background for
the metric and a constant temporal component for the vector field A 3 and
study the evolution of inhomogeneous perturbations in this background.

For the scalar modes of the perturbations we can find the following
relation between the gravitational potentials and the vector field pertur-
bations from Einstein equations:

ψ = φ− 16πGAS0,

φ = 4πGA
3Ṡ− S0

1− 8πGA2 . (5.19)

On the other hand, by inserting these relations in the vector field equa-
tions of motion we obtain the evolution equations for the Fourier modes
of the vector field perturbations.

S̈0k +
k2

1− 16πGA2 S0k = 0,

S̈k +
k2

1− 16πGA2 Sk = 0.

(5.20)
3This background value could indeed evolve on cosmological timescales as we al-

ready said in Chapter 4.
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Then, we have two independent propagating scalar modes sharing the
same dispersion relation given by:

ω2
s =

1
1− 16πGA2 k2, (5.21)

which guarantees the classical stability of the scalar modes as long as
1− 16πGA2 > 0.

Concerning the vector modes, we find the following expression for the
metric perturbations in terms of the vector field perturbation:

~F = − 16πGA
1− 16πGA2~v. (5.22)

When we insert these relations into the vector field equation for the
Fourier modes we obtain:

~̈vk +
k2

1− 16πGA2~vk = 0.

(5.23)

We see that the dispersion relation is exactly the same as that found for
the scalar modes, i.e.

ω2
v =

1
1− 16πGA2 k2. (5.24)

so the vector modes are also stable until the singularity is reached.

Finally, the gravitational waves becomes modified only through the
coupling of the spin-2 perturbations to the background vector field. More-
over, we can directly use the result found in Chapter 4 because it was
valid for any vector-tensor theory. According to that result, we obtain the
following dispersion relation for the gravitational modes:

ω2
t =

1
1− 16πGA2 k2, (5.25)

so that, once again, the stability breakdowns only in the final singularity.

By combining the classical stability analysis for all the modes we find
that, as we had already anticipated in the study of the phase map of the
model, all the perturbations remain stable right until the final singularity
of the homogeneous evolutions. This, indeed, establish a link between
singularities appearing in the homogeneous cosmological evolution of
the model and instabilities showing up in the inhomogeneous case.
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The quantum stability of the model is more difficult to accomplish.
For the scalar modes, one may try to take advantage of the presence of
two independent modes in order to get rid of the ghosts by a suitable
definition of the physical Hilbert space. However, for the vector pertur-
bations, we have that the energy density of such modes is given by:

ρv =
1− 32πGA2

(1− 16πGA2)2 k2|~v0k|2. (5.26)

This energy becomes negative when the vector field takes a value half of
its value at the final singularity so that the quantum stability breakdowns
before the classical stability does. Although, in principle, this would pre-
sumably mean a serious flaw that the model should face, we should re-
mind here that this model is intended as a dark energy candidate and, as
such, only the classical evolution on very large scales is really relevant.
A fully consistent quantization of this model as well as an extension to
comprise smaller scales could need an UV completion that may cure this
problems. However, we have not found such a completion yet.

Now we will study the evolution of the scalar perturbations of the vec-
tor field during radiation and matter dominated eras. The perturbation
of the metric in the longitudinal gauge can be written in conformal time
as follows:

ds2 = a2(η)
[
(1 + 2φ(η, x))dη − (1− 2ψ(η, x))dx2

]
(5.27)

Besides, when the Universe is radiation or matter-dominated both scalar
metric perturbations are the same, i.e. φ = ψ. As we are considering only
the temporal component of the vector field the background will be given
by Aµ = (A0(η), 0, 0, 0) with A0 = aA0. Moreover, the perturbed field
can be written as δAµ = (δA0(η, x),∇δA(η, x)). Thus, the equations of
the perturbations read:

δA′′0 −∇2δA0 − 4
(
H2 +H′

)
δA0 =− 2H∇2δA+ 6A′0φ′

− 2
[
φ′′ +∇2φ + 8Hφ′

]
A0,

δA′′ −∇2δA− 2
(

2H2 +H′
)

δA =− 2HδA0 + 2φA′0. (5.28)

On the other hand, the perturbation on the energy density of the vector
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field is given by:

8πGδρA =− 32πGφρA − 1
a4

[
2

(
2Hφ′ −∇2φ

)
A2

0

+
(

2A0φ′ − 4HδA0 −∇2δA+ δA′0
)
A′0

+
(

4H2δA0 − 4HδA′0 +∇2δA′ +∇2δA0 + 2H∇2δA
)
A0

]
.

(5.29)

Since we know that the metric perturbation in the radiation era is given
by[131]:

φk =
C1k[ωη cos(ωη)− sin(ωη)] + C2k[ωη sin(ωη) + cos(ωη)]

η3 (5.30)

with ω = k/
√

3 and it is constant in the matter era, we can compute the
perturbations on the vector field generated during such epochs. Then,
we can introduce the solutions into (5.29) and obtain the evolution of
the energy density contrast for the vector field δA = δρA

ρA
. By solving

numerically the equations of the perturbations with the corresponding
expressions for the metric perturbations we obtain the results shown in
Fig. 5.4. In that figure, we see that the super-Hubble modes of the density
contrast remain constant, whereas the sub-Hubble modes oscillate with
an amplitude growing as a2 in the radiation era and as a0.3 in the mat-
ter era. Therefore again, we do not find exponentially growing modes
throughout the expansion history of the Universe. Moreover, the grow-
ing behavior of the vector field perturbations on sub-Hubble scales may
enhance the growth of matter perturbations.

To end this Section we shall comment on the fact that, even though
the proposed model can be considered only as an effective description
of dark energy on cosmological scales, extending the applicability range
to smaller scales requires consistency with local gravity tests. From the
general expressions given in Chapter 4 for the PPN parameters, we can
see that, in the present case, the static PPN parameters agree with those
of General Relativity, i.e. γ = β = 1. This was already known since we
constructed our model for this to happen. For the parameters associated
to preferred frame effects we get: α1 = 0 and α2 = 8πA2¯/M2

P where
A2¯ is the norm of the vector field at the Solar System scale. Therefore,
current limits α2 <∼ 10−4 (or α2 <∼ 10−7 for static vector fields during
Solar System formation) then impose a bound A2¯ <∼ 10−5(10−8) M2

P,
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Figure 5.4: In this figure we show the evolution of δA for modes reentering
the horizon in the radiation era (right panel) and in the matter era (left
panel). We see that it is constant on super-Hubble scales and it oscillates
with growing amplitude on sub-Hubble scales.

which could conflict with the model predictions, since the present (Solar
system formation) values on cosmological scales are: 1.3× 10−1 MP (7.5×
10−2 MP). However, notice that, as we have already commented several
times, the cosmological values do not need to agree with those at lower
scales. The latter will be determined by the mechanism that generated
this field in the early Universe characterized by its primordial spectrum
of perturbations, and the subsequent evolution in the formation of the
galaxy and Solar System.

5.6 Constraints from SN, CMB and BAO

In this Section we shall obtain constraints for the cosmological parameters
of the model from observations of SN, CMB and BAO. However, unlike
in the previous Sections, here we shall give up the flatness assumption to
include the effects of the spatial curvature so that the metric is now given
by (1.5). In this case, the field equation given in (5.31) remains the same,
although for the purposes of this Section it will be convenient to write it
in terms of the redshift variable as follows:

d2A0

dz2 +
1

(1 + z)H(z)
d
dz

[
H(z)

(1 + z)2

]
d
dz

[
(1 + z)3A0

]
= 0 (5.31)
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and, therefore, the solutions (5.6) adopt the following form:

A0(z) = Ã+
0 (1 + z)α̃+ + Ã−0 (1 + z)α̃− (5.32)

with Ã±0 constants of integration and α̃± = (1± 1)/2 in the radiation era,
and α̃± = (3±√33)/4 in the matter era.

The novelties when we include the curvature effects appear in the
Einstein equations. On one hand, the (0

0) component of these equations
becomes:

H2

H2
0

= Ωm(1 + z)3 + Ωr(1 + z)4 + Ωk(1 + z)2 + ρA(z) (5.33)

where H0 is the present value of the Hubble parameter, which is usually
expressed as4 H0 = 100 h km s−1Mpc−1, Ωm and Ωr are the density pa-
rameters corresponding to matter and radiation respectively, Ωk = − k

H2
0

and ρA is the energy density of the vector field, whose expression in terms
of redshift is:

ρA =
H2

H2
0

[
1
2

A2
0 − (1 + z)A0

dA0

dz
− 1

6
(1 + z)2

(
dA0

dz

)2
]

. (5.34)

Notice that we are measuring the vector field in units of the reduced
Planck mass M̃P = 1/

√
8πG. Moreover, the energy density evolves in

terms of redshift as:
ρA = ρA0(1 + z)−κ. (5.35)

Finally, it is worth mentioning that the inclusion of spatial curvature does
not eliminate the future Type III singularity of the models when the vector
field dominates the energy density of the Universe.

On the other hand, the (i
i) component of Einstein equations becomes:

H2

H2
0

[
3− 1 + z

H
dH
dz

]
= Ωr(1 + z)4 + Ωk(1 + z)2 − pA(z) (5.36)

where we have used that pr = 1
3 ρr and pm = 0 and the pressure of the

4The parameter h in the definition of H0 must not be confused with the degree of
anisotropy defined in Chapter 2. However, we shall not refer to the degree of anisotropy
throughout this Section, so no confusion will be possible.
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vector field in terms of the redshift is given by:

pA(z) = −H2

H2
0

{
3

[
5
2
− 4

3
(1 + z)

1
H

dH
dz

]
A2

0

+(1 + z)A0
dA0

dz
+

3
2
(1 + z)2

(
dA0

dz

)2
}

. (5.37)

In order to perform the analysis in next sections it will be convenient
to write equations (6.43) and (5.36) in terms of {Ωrh2, Ωmh2, Ωkh2} as
follows:

Ĥ2 = Ωmh2(1 + z)3 + Ωrh2(1 + z)4 + Ωkh2(1 + z)2 + ρA(z) (5.38)

Ĥ
[

3− 1 + z
Ĥ

dĤ
dz

]
= Ωrh2(1 + z)4 + Ωkh2(1 + z)2 − pA(z) (5.39)

where Ĥ ≡ H/(100 km s−1 Mpc−1), i.e., Ĥ(z = 0) = h. Note that nei-
ther ρA nor pA depend on the normalization of the Hubble parameter.
Moreover, Ωrh2 contains the contribution of photons as well as relativis-
tic neutrinos,

Ωrh2 = Ωγh2(1 + 0.2271Ne f f ) (5.40)

with Ne f f = 3.04 the effective number of neutrino species and Ωγh2 =
2.469× 10−5 for TCMB = 2.725K.

The model is completely determined once we fix the set of parameters
{Ωm, Ωk, Arad}, being Arad the constant value of the vector field during
the radiation dominated era (see Fig. 5.1), so that the model has three free
parameters. To confront the model to SN and BAO datasets we only need
to integrate the system of equations below redshift ∼ 2 whereas CMB
dataset requires to obtain the solution up to the last scattering surface so
that the method to solve the equations will be different for each case. The
present value of the Hubble expansion rate is no longer a free parameter
in this model because it can be obtained in terms of the previous param-
eters after integrating the equations. In fact, we could take {Ωm, Ωk, h}
as independent parameters and, therefore, Arad would already be deter-
mined, although this approach is more difficult to implement numeri-
cally. Notice that, as commented before, this model contains exactly the
same number of parameters as ΛCDM.
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5.6.1 Likelihood calculations

In this Section we shall explain the procedure followed to confront the
vector dark energy model to the different distance indicators.

SN

The apparent magnitude of a supernova placed at a given redshift z is re-
lated to the expansion history of the Universe through the distance mod-
ulus:

µ ≡ m− M = 5 log DL − 5 log h + µ0 (5.41)

where m and M are the apparent and absolute magnitudes respectively,
µ0 = 42.38 and DL = H0dL with dL the luminosity distance dL = (1 +
z)r(z), being r(z) the comoving distance, given for the FLRW metric with
curvature (1.5) by:

r(z) =
1

H0
√|Ωk|

Sk

[√
|Ωk|

∫ z

0

H0

H(z′)
dz′

]
(5.42)

with Sk[x] = sin x, x, sinh x for Ωk < 0, Ωk = 0, Ωk > 0 respectively.

Then, to confront the model to each supernovae data set we construct
the corresponding χ2 estimator:

χ2
SN =

N

∑
i=1

(µ(zi; Ωm, Ωk, h)− µi)
2

σ2
i

(5.43)

which must be marginalized over h in order to obtain the constraints on
the parameters Ωm and Ωk.

In order to calculate χ2
SN , we use the fact that the SNIa dataset corre-

sponds to redshifts below 2 so that we can neglect the contribution from
radiation in Einstein’s equations. With this in mind, we solve numerically
the system of equations (5.31) and (5.36) for H/H0 and A0. As this system
is of second order with respect to A0 and first order with respect to H/H0
we need to set the initial values of A0, dA0/dz and H/H0. However, these
three initial values are related by means of Friedmann equation (6.43) so
that we can obtain the initial value for H/H0 in terms of the initial values
of A0 and its derivative. On the other hand, as we know the analytic so-
lution of the vector field in the matter dominated era as that given in (5.6)
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, we can relate the initial value of the derivative of the vector field to the
initial value of the vector field (neglecting the decaying mode). Therefore,
we only need to give the initial value for A0 in order to set the initial con-
ditions and we are left with Aini

0 , Ωm and Ωk as free parameters in terms
of which we obtain the corresponding χ2

SN estimator. Therefore, we shall
use:

χ2
SN =

N

∑
i=1

(µ(zi; Ωm, Ωk, Aini)− µi)
2

σ2
i

(5.44)

instead of (5.43) and marginalize over Aini.

The results that we shall show have been obtained from the following
two sets of supernovae: the Gold set [125] and the more recent Union set
[8].

BAO

BAO measurements provide the following distance ratios [10]:

VBAO ≡



rs(zd)
DV(0.2)
rs(zd)

DV(0.35)


 =

(
0.1980± 0.0058
0.1094± 0.0033

)
, (5.45)

where rs(z) is the sound horizon size given by:

rs(z) =
1√
3

∫ 1
1+z

0

da

a2H(a)
√(

1 + 3Ωbh2

4Ωγh2 a
) (5.46)

and
DV(z) =

[
r2(z)

z
H

]1/3
(5.47)

is the dilation scale. Finally, zd is redshift of the drag epoch at which
baryons were released from photons and which can be calculated by us-
ing the fitting formula [132]:

zd =
1291(Ωmh2)0.251

1 + 0.659(Ωmh2)0.828

[
1 + b1(Ωbh2)b2

]
(5.48)

with

b1 = 0.313(Ωmh2)−0.419
[
1 + 0.607(Ωmh2)0.674

]
(5.49)

b2 = 0.238(Ωmh2)0.223. (5.50)
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Then, we define the BAO array:

XBAO ≡



rs(zd)
DV(0.2) − 1.980
rs(zd)

DV(0.35) − 0.1094


 , (5.51)

so that:
χ2

BAO = XT
BAOC−1

BAOXBAO. (5.52)

In this expression, the inverse covariance matrix is

C−1
BAO =

(
35059 −24031
−24031 108300

)
. (5.53)

The procedure we follow in this case is analogous to that used for the
SNIa analysis, although, as χ2

BAO depends on the amount of baryons Ωb,
we also need to marginalize over this parameter.

CMB

Following [133], we use the distance priors method to confront dark en-
ergy models to CMB data [134, 135]. This method uses two distance ratios
measured by means of the CMB temperature power spectrum:

• The "acoustic scale", which measures the ratio of the angular di-
ameter distance to the decoupling epoch and the comoving sound
horizon size at decoupling epoch. This first distance ratio can be
expressed as:

lA ≡ πr(z∗)
rs(z∗)

(5.54)

where z∗ the redshift corresponding to the decoupling time and for
which we shall use the fitting formula proposed in [136]:

z∗ = 1048
[
1 + 0.00124(Ωbh2)−0.738

] [
1 + g1(Ωmh2)g2

]
(5.55)

with

g1 =
0.0783(Ωbh2)−0.238

1 + 39.5(Ωbh2)0.763 , (5.56)

g2 =
0.560

1 + 21.1(Ωbh2)1.81 . (5.57)
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• The second distance ratio measures the ratio of the angular diameter
distance and the Hubble radius at the decoupling time. It is usually
called the "shift parameter" and can be expressed as

R =
√

ΩmH2
0r(z∗) (5.58)

The values reported in [133] for these distance priors are:

VCMB ≡



lA(z∗)
R(z∗)

z∗


 =




302.10± 0.86
1.710± 0.019

1090.04± 0.93


 (5.59)

with the following inverse of the covariance matrix

C−1
CMB =




1.800 27.968 −1.103
27.968 5667.577 −92.263
−1.103 −92.263 2.923


 . (5.60)

Then, we define the CMB array as

XCMB =




lA − 302.10
R− 1.710

z∗ − 1090.04


 , (5.61)

so that χ2
CMB = XT

CMBC−1
CMBXCMB.

The procedure we follow in this case is somewhat different to that
used in the previous sections. The main difference comes from the fact
that CMB distance priors are evaluated at a time when radiation is im-
portant so that we cannot neglect its contribution in Einstein’s equations
anymore. To simplify numerical calculations we use equations (5.31),
(5.38) and (5.39). Notice that, unlike the SN and BAO approach, from
these equations we obtain the Hubble expansion rate normalized to 100
km s−1Mpc−1 so that Ĥ(z = 0) = h. Thus, for given {Ωmh2, Ωkh2} we
use (5.38) to relate the initial condition for the Hubble expansion rate to
the initial condition of the vector field (that we shall name Arad) and,
then, solve numerically (5.31) and (5.39). Since the initial conditions are
set in the radiation-dominated era when, according to (5.6), the vector
field is constant, the initial condition for the derivative of the vector field
is set to zero. Moreover, the constancy of the vector field during that
epoch eliminates the dependency on the time at which we place the ini-
tial conditions, i.e., Arad does not depend on zini. That way, we obtain the
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expansion rate Ĥ(z) that will allow us to compute the distance indicators
described above in terms of {Ωmh2, Ωkh2, Arad} (notice that such indica-
tors do not depend on the normalization of the Hubble expansion rate).
Hence, we can compute the corresponding χ2

CMB which will depend on
{Ωmh2, Ωkh2, Ωbh2, Arad} and, following the prescription given in [133],
we marginalize over Ωbh2 and Arad (which is equivalent to marginalize
over h) and use the resulting marginalized likelihood to obtain the corre-
sponding contours.

Since CMB distance priors were derived in [133] assuming that dark
energy was not important at decoupling time (z∗ ' 1090) and given that
the vector field model does not produce a significant amount of dark
energy at high redshifts, these priors are, in principle, applicable in this
case.

5.6.2 Results

In this section we present the results obtained after confronting the model
with the tests explained above. We have also performed the analysis for
a ΛCDM model for comparison.

Using the Gold data set we obtain a best fit for Ωm = 0.385 and ΩA =
0.611 with χ2

min = 172.92, which is the same value found in previous
Sections, where we imposed spatially flat sections. This is understandable
because, from the above values of Ωm and ΩA we obtain Ωk = 0.0043 so
that the best fit is very close to the flat case. However the 1σ contour
allows both open and close Universes and, unlike our previous analysis,
a wide range of values for Ωm and ΩA is within the 1σ region, as we can
see in Fig. 5.5. For a ΛCDM model with non-vanishing curvature we
obtain the best fit for Ωm = 0.46 and ΩΛ = 0.98 with χ2

min = 175.04 so we
still obtain a better fit to the Gold data set than ΛCDM. On the other hand,
the best fit obtained for the vector dark energy model from the Union data
set corresponds to Ωm = 0.260 and ΩA = 0.503 with χ2

min = 311.96. From
Fig. 5.5 we see that this data set favors an open Universe for this model,
being the flat case at more than 2σ. For ΛCDM the best fit happens for
Ωm = 0.41 and ΩΛ = 0.93, being χ2

min = 310.23, which is lower than
that obtained for the vector field. This effect is probably due to the SNLS
points contained in the Union data set which, as it was shown in our
previous analysis, favor ΛCDM over the vector field model at more than
2σ in the flat case. However, when the flatness assumption is dropped,
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ΛCDM fits the Union data set better than the vector field model at the
level of less than 1σ, thus, without statistical significance.
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Figure 5.5: In this plots we show the 68%, 95% and 99% C.L. regions for BAO
(orange), CMB (green) and SNIa (blue). We show the contours obtained for both
the Union data set (left) and the Gold data set (right). The blue line corresponds
to a flat Universe.

Figure 5.6: In this plot we show the likelihood obtained from the CMB dataset
for the vector field model. We can see that a flat Universe is clearly ruled out
and a closed geometry for the spatial sections is strongly favored.

Concerning BAO dataset, it favors an open Universe with a small
amount of matter for the vector field model, as we see in Fig. 5.5. More-
over, the compatibility of these data with SNIa data is only at the 3σ level.
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However, it is worth mentioning that these distance indicators are ob-
tained after analyzing the actual observational data with ΛCDM as fidu-
cial model so that its applicability to test dark energy models is justified
as long as such models do not differ much from a cosmological constant.
Nevertheless, this is not the case for the vector dark energy model whose
equation of state varies very rapidly and, indeed, has a future singularity
so that the obtained 3σ tension could be due to the dependence of BAO
data on the fiducial model. In any case, this is the less confident dataset
to constraint the vector model and, in general, any dark energy model,
since it may give shifted parameters due to a biased determination of the
sound horizon scale due to the presence of additional relativistic degrees
of freedom, early dark energy or a non-standard recombination scheme
[137, 138].

Finally, CMB data is totally incompatible with flat spatial sections and,
in fact, it predicts a closed Universe with a wide range of Ωm allowed.
These results show that, contrary to common belief, CMB data do not
necessarily favors a flat Universe. In Fig. 5.6, the corresponding likeli-
hood for the CMB dataset is plotted and we can see how the flat case is
ruled out for the vector model.

In Fig. 5.5 we see that CMB contours are compatible with BAO at
2σ level for small values of Ωm and Ωk close to zero. Concerning SNIa
contours, CMB is in conflict with the Union data set contours at more
than 3σ whereas it is compatible at 1σ level with the Gold data set.

5.7 Conclusions and discussion

In this Chapter we have proposed a particular vector-tensor theory as
possible candidate to explain the current phase of accelerated expansion.
Such a model has been built so that it presents scaling properties dur-
ing the early Universe as well as the same set of static PPN parameters
as GR. We have shown the ability of the model in order to account for
the accelerated expansion without the need of introducing any unnatural
scale. Thus, the required initial fraction of dark energy required during
the early Universe is ∼ 10−6 and the value of the vector field must be
10−4MP, values that can arise naturally as fluctuations in the early Uni-
verse. Moreover, the comoving component of the vector field turns out
to be constant in the early Universe so that the solutions are completely
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insensitive to the time at which we set the initial conditions. An inter-
esting feature of the model is that it leads to a future Type III singularity
in which the vector field equation of state approaches −∞, crossing the
phantom divide line as suggested by cosmological observations.

The cosmological evolution obtained by considering only temporal
components of the vector field has been shown to be robust against the
potential presence of spatial components. Indeed, the contribution to the
vector field total energy density coming from the spatial components are
strongly suppressed with respect to the contribution corresponding to
the temporal component. On the other hand, the anisotropy generated
by the model is expected to be small because the difference of transverse
and longitudinal pressures, which is the source of the vector field stress,
decays as the Universe expands. Moreover, the degree of anisotropy gen-
erated in this model happens to be a decaying quantity, which confirms
that this model is not able to produce large scale anisotropies.

The classical stability of the model is completely guaranteed until the
end of the Universe because the propagation speed of the inhomogeneous
modes remains real until the future singularity found in the homoge-
neous evolution. Moreover, at that moment the propagation speed also
blows up what may suggest a link between singularities in homogeneous
solutions and instabilities for the inhomogeneous modes. The quantum
stability poses an important problem because the vector modes become
ghost-like before the future singularity is reached. However, this could be
cured by the completion of the model when extended to smaller scales.
In addition, we have seen that this model leads to preferred frame ef-
fects and that the amplitude of the vector field at small scales must be
smaller than the cosmological value. Finally, we have performed a de-
tailed analysis of the constraints imposed by SNIa, CMB and BAO data
on the vector dark energy model. In order to get such constraints we have
given up the spatial flatness assumption and obtained confidence regions
in the (Ωm, ΩA) plane. We have found that for the SNIa Gold dataset,
the vector model fit is better than that of ΛCDM and, in fact, provides
the best fit to date for this dataset, but for the Union dataset the situation
is reversed. We find that contrary to standard cosmology, CMB data ex-
cludes a flat Universe for this model and, in fact, predicts a closed spatial
geometry. On the other hand, CMB and SNIa Gold data are perfectly
compatible at the 1-sigma level, however SNIa Union dataset exhibits a
3-sigma tension with CMB. The same level of tension is also found be-
tween SNIa and BAO measurements, although this may be due to the
dependency of BAO measurements on the fiducial model.
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Chapter 6

Electromagnetic dark energy

6.1 Introduction

The particular model studied in the previous Chapter shows that vector
fields can be compelling candidates to drive the current accelerated ex-
pansion of the Universe avoiding naturalness problems. In this Chapter,
we shall go a step further and show that this can indeed be achieved not
by resorting to new physics with the introduction of an unknown field,
but by means of the very familiar electromagnetic interaction. This in
principle seems to be difficult to realize since Maxwell electromagnetism
is conformally coupled to gravity in four dimensions so that it cannot be
excited in the early Universe by gravitational fields. Moreover, the high
conductivity of the Universe after reheating together with its electrical
neutrality makes the electromagnetic field to decay as the Universe ex-
pands and, as a consequence, we would have negligible electromagnetic
fields on large scales today. Previous proposals have suggested the break-
ing of conformal invariance but preserving the U(1) gauge symmetry, as
in [107] where non-linear terms are introduced to produce accelerated
expansion, or by breaking that symmetry, as in [139] where couplings
to the curvature are introduced to generate large-scale magnetic fields.
However, in this Chapter we show that the very same theory that is used
to covariantly quantize the electromagnetic interaction allows us to ex-
plain the presence of electromagnetic fields over cosmological scales. The
energy density of such fields are shown to behave as an effective cosmo-
logical constant. This possibility requires a fundamental change in the
interpretation of the covariant action. As is well known, this action in-
cludes a gauge breaking term which appears as a mathematical artifact
in the gauge fixing procedure. Here we propose that such a term should
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be considered as a truly physical term on equal footing to the Maxwell
term and therefore that the fundamental electromagnetic theory is not
invariant under arbitrary gauge transformations.

In order to modify the electromagnetic interaction, one should be
aware that quantum electrodynamics is probably the most successful phys-
ical theory and has received an extraordinary experimental support. How-
ever, as any other fundamental physical theory, the success of the electro-
magnetic theory as currently established is subject to a determined range
of applicability. Indeed, its infrared experimental limit is given by the
constraints on the photon mass mγ <∼ 10−17 eV (see for instance [140]),
corresponding to frequencies ν ' 1mHz or wavelengths λ ' 1.3AU 1.
Therefore, any alternative to (or extended version of) standard electro-
magnetism whose differences only appear beyond that infrared limit are,
in principle, not excluded. The situation is analogous to the case of the
gravitational interaction for which we have GR as a very successful the-
ory of gravitation at the Solar System scales, where it has been exten-
sively tested. However, modifications beyond those scales are allowed
and, indeed, some attempts to accommodate the dark matter and dark
energy within extended versions of GR have been made. These modifi-
cations are quite natural because gravity is a long range interaction so
that one might expect it to become modified when considering very large
scales, i.e. in the infrared regime of GR. We can apply the same reason-
ing to the electromagnetic case because it is also a long range interaction
with an infrared limit (given by ν ' 1mHz) beyond which it remains
unknown. However, since the standard electromagnetism has been ex-
tensively tested in its range of applicability with great accuracy, one has
to ensure that, in that range, the modified electromagnetic theory repro-
duces the behavior of the standard theory.

Interestingly, although Maxwell electromagnetism is a well-established
theory whose results are in excellent agreement with the experiments, it
shows some troubles when we try to quantize it. In particular, in the
canonical formalism, the fact that the temporal component has vanishing
conjugate momentum makes difficult to impose canonical commutation
relations for the field. One solution to this problem is to add a gauge-
fixing term in the starting action to provide the temporal component
with a non-vanishing conjugate momentum so that we can write canoni-

1Notice that this limit corresponds to the wavelength of the photon, not to the dis-
tance along which the photon has travelled. In fact, we can see photons coming from
the last scattering surface in the CMB that lie in the microwave range.
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cal commutation relations. However, we obtain a theory with four states
instead of the two usual states corresponding to a massless spin 1 parti-
cle, so that we need to restrict our Hilbert space for the two additional
degrees of freedom not to contribute to physical quantities. We shall start
this Chapter by reviewing these difficulties in the different quantization
procedures in flat spacetime and we shall see how the Lorenz condition
is essential to consistently quantize the theory. Then, we shall consider
quantization in an expanding universe and show how such a condition
cannot be consistently imposed. In order to avoid this problem, we shall
propose a quantization procedure such that the gauge-fixing term is con-
sidered as a fully physical term of the fundamental theory that introduces
an extra scalar degree of freedom. In that approach, we shall show that
the theory can be consistently quantized without the need of imposing
the Lorenz condition, although we have to consider three physical states.
One interesting example of electromagnetic theories with three physical
states also arises when we consider massive photons and take the mass-
less limit. In that case, an additional state which is only gravitationally
coupled remains [139].

In the framework described in the previous paragraph, we shall com-
pute the initial power spectrum generated during an inflationary era in
the early Universe for the new electromagnetic mode and study the sub-
sequent cosmological evolution. We shall see that the gauge-fixing term
gives rise to an effective cosmological constant whose value is related to
the scale of inflation. Also, the evolution of the perturbations will be
analyzed and confronted to CMB and LSS observations to check the ex-
perimental viability of the theory.

Finally, it is worth mentioning that the extension for electromagnetism
that we shall study with the gauge-fixing term has the same form as the
vector-tensor theory that behaves like a cosmological constant obtained
in Chapter 3. Moreover, in Chapter 4, we showed that such a particular
vector-tensor theory has the same PPN parameters as GR, so it passes
all the Solar System tests, and it is free of both classical and quantum
instabilities. Therefore, even though we will be dealing with the electro-
magnetic field, most of the results that we shall obtain in this Chapter will
be applicable to any vector-tensor theory with the same set of parameters.

This Chapter is based on the results presented in the following works:

• Cosmological electromagnetic fields and dark energy.
Jose Beltrán Jiménez and Antonio L. Maroto.
JCAP 0903:016 (2009).
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• Perturbations in electromagnetic dark energy.
Jose Beltrán Jiménez, Tomi S. Koivisto, Antonio L. Maroto and David
F. Mota.
JCAP 0910:029 (2009).

• The electromagnetic dark sector.
Jose Beltrán Jiménez and Antonio L. Maroto.
arXiv:0903.4672 [astro-ph.CO]

6.2 Quantization in Minkowski spacetime

Electromagnetic interaction is considered as a paradigm of a well-behaved
quantum field theory in Minkowski space-time. Standard Maxwell elec-
tromagnetism is the theory describing a pure spin one massless particle.
Nevertheless, the presence of the local U(1) symmetry in the kinematical
term for the photon leads to some difficulties when we want to quantize
the theory. The underlaying reason for the appearance of these difficulties
is the redundancy in the description of the theory due to the U(1) invari-
ance so that we can be wrongly trying to quantize superfluous degrees of
freedom corresponding to pure gauge modes. Let us briefly review these
difficulties, since it will be useful for our approach.

The usual electromagnetic field is described by Maxwell action:

S =
∫

d4x
(
−1

4
FµνFµν + Aµ Jµ

)
(6.1)

where Fµν = ∂µ Aν − ∂ν Aµ and Jµ is a conserved current. This action is in-
variant under gauge transformations Aµ → Aµ + ∂µχ with χ an arbitrary
function of space-time coordinates. At the classical level, this action gives
rise to the well-known Maxwell equations, that is:

∂νFµν = Jµ. (6.2)

However, when we try to quantize the theory, several problems arise be-
cause of the impossibility of constructing a propagator for the Aµ field.
Two different approaches are usually followed in order to avoid these
difficulties. In the first one, which is the basis of the Coulomb gauge
quantization, the gauge invariance of the action (6.1) is used to eliminate
the unphysical degrees of freedom. With that purpose the (Lorenz) condi-
tion ∂µ Aµ = 0 is imposed by means of a suitable gauge transformation.
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Thus, the equations of motion reduce to:

¤Aµ = Jµ. (6.3)

The Lorenz condition does not fix completely the gauge freedom, still it is
possible to perform residual gauge transformations Aµ → Aµ + ∂µθ, pro-
vided ¤θ = 0. Using this residual symmetry and taking into account the
form of equations (6.3), it is possible to eliminate one additional compo-
nent of the Aµ field in the asymptotically free regions (typically A0) which
means ~∇ · ~A = 0, so that finally the temporal and longitudinal photons
are removed and we are left with the two transverse polarizations of the
massless free photon, which are the only modes (with positive energies)
which are quantized in this formalism.

The second approach is the basis of the covariant (Gupta-Bleuler) and
path-integral formalisms. The starting point is a modification of the ac-
tion in (6.1), namely:

S =
∫

d4x
(
−1

4
FµνFµν +

ξ

2
(∂µ Aµ)2 + Aµ Jµ

)
. (6.4)

This action is no longer invariant under general gauge transformations,
but only under residual ones. The equations of motion obtained from this
action now read:

∂νFµν + ξ∂µ(∂ν Aν) = Jµ. (6.5)

In order to recover Maxwell equation, the Lorenz condition must be im-
posed so that the ξ term disappears. At the classical level this can be
achieved by means of appropriate boundary conditions on the field. In-
deed, taking the four-divergence of the above equation, we find:

¤(∂ν Aν) = 0 (6.6)

where we have made use of current conservation. This means that the
field ∂ν Aν evolves as a free scalar field, so that if it vanishes for large |t|,
it will vanish for all time. At the quantum level, the Lorenz condition
cannot be imposed as an operator identity, but only in the weak sense
∂ν Aν (+)|φ〉 = 0, where (+) denotes the positive frequency part of the op-
erator and |φ〉 stands for a physical state. This condition is equivalent to
imposing [a0(~k)+ a‖(~k)]|φ〉 = 0, with a0 and a‖ the annihilation operators
corresponding to temporal and longitudinal electromagnetic states. Thus,
in the covariant formalism, the physical states contain the same number
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of temporal and longitudinal photons, so that their energy densities, hav-
ing opposite signs, cancel each other. Thus we see that also in this case,
the Lorenz condition seems to be essential in order to recover standard
Maxwell equations and get rid of the negative energy states. Now let us
see what happens when moving on to an expanding universe.

6.3 Quantization in an expanding universe

So far we have only considered Maxwell theory in flat spacetime. How-
ever when we move to a curved background and, in particular, to an
expanding universe, then consistently imposing the Lorenz condition in
the covariant formalism turns out to be difficult to realize [141]. Indeed,
let us consider the curved space-time version of action (6.4):

S =
∫

d4x
√

g
[
−1

4
FµνFµν +

ξ

2
(∇µ Aµ)2 + Aµ Jµ

]
(6.7)

Now the modified Maxwell equations read:

∇νFµν + ξ∇µ(∇ν Aν) = Jµ (6.8)

and taking again the four divergence, we get:

¤(∇ν Aν) = 0 (6.9)

We see that once again ∇ν Aν behaves as a scalar field which is decoupled
from the conserved electromagnetic currents, but it is non-conformally
coupled to gravity. This means that, unlike the flat space-time case, this
field can be excited from quantum vacuum fluctuations by the expanding
background in a completely analogous way to the inflaton fluctuations
during inflation. Thus this poses the question of the validity of the Lorenz
condition at all times.

In order to illustrate this effect, we will present a toy example. Let
us consider quantization in the absence of currents, in a spatially flat
expanding background, whose metric is written in conformal time as
ds2 = a(η)2(dη2 − d~x2) with a(η) = 2 + tanh(η/η0) where η0 is con-
stant. This metric has two asymptotically Minkowskian regions in the re-
mote past and far future. We solve the coupled system of equations (6.8)
for the corresponding Fourier modes, which are defined as2 Aµ(η,~x) =

2Here we follow the notation followed in the previous Chapters denoting by Aµ the
components of the vector field in conformal time.
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∫
d3kA

µ~k(η)ei~k~x. Thus, for a given mode ~k, the Aµ field is decomposed
into temporal, longitudinal and transverse components. The correspond-
ing equations read:

A′′0k −
[

k2

ξ
− 2H′ + 4H2

]
A0k − 2ik

[
1 + ξ

2ξ
A′‖k −HA‖k

]
= 0

A′′‖k − k2ξA‖k − 2ikξ

[
1 + ξ

2ξ
A′0k +HA0k

]
= 0

~A′′⊥k + k2 ~A⊥k = 0(6.10)

with H = a′/a and k = |~k|. We see that the transverse modes are decou-
pled from the background, whereas the temporal and longitudinal ones
are non-trivially coupled to each other and to gravity. Let us prepare
our system in an initial state |φ〉 belonging to the physical Hilbert space,
i.e. satisfying ∂νAν (+)

in |φ〉 = 0 in the initial flat region. Because of the
expansion of the universe, the positive frequency modes in the in region
with a given temporal or longitudinal polarization λ will become a linear
superposition of positive and negative frequency modes in the out region
and with different polarizations λ′ (we will work in the Feynman gauge
ξ = −1), thus we have:

Aλ (in)
µ~k

= ∑
λ′=0,‖

[
αλλ′(~k)Aλ′ (out)

µ~k
+ βλλ′(~k)Aλ′ (out)

µ−~k

]
(6.11)

or in terms of creation and annihilation operators:

a(out)
λ (~k) = ∑

λ′=0,‖

[
αλλ′(~k)a(in)

λ′ (~k) + βλλ′(~k)a(in)†
λ′ (−~k)

]
(6.12)

with λ, λ′ = 0, ‖ and where αλλ′ and βλλ′ are the so-called Bogolyubov
coefficients (see [142] for a detailed discussion), which are normalized in
our case according to:

∑
ρ,ρ′=0,‖

(αλρ αλ′ρ′ ηρρ′ − βλρ βλ′ρ′ ηρρ′) = ηλλ′ (6.13)

with ηλλ′ = diag(−1, 1) with λ, λ′ = 0, ‖. Notice that the normalization is
different from the standard one [142], because of the presence of negative
norm states.

Thus, the system will end up in a final state which no longer satisfies
the weak Lorenz condition i.e. in the out region ∂νAν (+)

out |φ〉 6= 0. This is
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shown in Fig. 6.1, where we have computed the final number of temporal
and longitudinal photons nout

λ (k) = ∑λ′ |βλλ′(~k)|2, starting from an initial
vacuum state with nin

0 (k) = nin
‖ (k) = 0. We see that, as commented above,

in the final region nout
0 (k) 6= nout

‖ (k) and the state no longer satisfies the
Lorenz condition. Notice that the failure comes essentially from large
scales (kη0 ¿ 1), since on small scales (kη0 À 1), the Lorenz condition
can be restored. This can be easily interpreted from the fact that on small
scales the geometry can be considered as essentially Minkowskian.

0.5 1.0 1.5 2.0
k
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Figure 6.1: Occupation numbers for temporal (continuous line) and longitudi-
nal (dashed line) photons in the out region vs. k in η−1

0 units.

In order to overcome this problem, it is possible to impose a more
stringent gauge-fixing condition. Indeed, we have shown above that in
a space-time configuration with asymptotic flat regions, an initial state
satisfying the weak Lorenz condition does not necessarily satisfy it at a
later time. However, it would be possible (see [143]) to define the physical
states |φ〉 as those such that ∇µ Aµ(+)|φ〉 = 0, ∀η. Although this is a per-
fectly consistent solution, notice that the separation in positive and nega-
tive frequency parts depends on the space-time geometry and therefore,
the determination of the physical states requires a previous knowledge of
the geometry of the universe at all times.

Another possible way out would be to modify the standard Gupta-
Bleuler formalism by including ghosts fields as done in non-abelian gauge
theories [144]. With that purpose, the action of the theory (6.7) can be
modified by including the ghost term (see [145, 146]):

Sg =
∫

d4x
√

g gµν ∂µ c̄ ∂νc (6.14)
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where c are the complex scalar ghost fields. It is a well-known result
[145, 146, 147] that by choosing appropriate boundary conditions for
the electromagnetic and ghosts Green’s functions, it is possible to get
〈φ|Tξ

µν + Tg
µν|φ〉 = 0, where Tξ

µν and Tg
µν denote the contribution to the

energy-momentum tensor from the ξ term in (6.7) and from the ghost
term (6.14) respectively. Notice that a choice of boundary conditions in
the Green’s functions corresponds to a choice of vacuum state. There-
fore, also in this case an a priori knowledge of the future behavior of the
universe geometry is required in order to determine the physical states.

In the following, we shall follow a different approach in order to deal
with the difficulties found in the Gupta-Bleuler formalism and we shall
explore the possibility of quantizing electromagnetism in an expanding
universe without imposing any subsidiary condition.

6.4 Quantization without the Lorenz condition

In the previous Section it has been shown that although the Lorenz gauge-
fixing conditions can be formally imposed in the covariant formalism,
this cannot be done in a straightforward way. These difficulties could
be suggesting some more fundamental obstacle in the formulation of an
electromagnetic gauge invariant theory in an expanding universe. As
a matter of fact, electromagnetic models which break gauge invariance
on cosmological scales have been widely considered in the context of
generation of primordial magnetic fields (see, for instance, [139]).

Let us then explore the possibility that the fundamental theory of elec-
tromagnetism is not given by the gauge invariant action (6.1), but by the
gauge non-invariant action:

S =
∫

d4x
√

g
[
−1

4
FµνFµν +

ξ

2
(∇µ Aµ)2 + Aµ Jµ

]
. (6.15)

Notice that although this action is not invariant under general gauge
transformations, it respects the invariance under residual ones and, as
shown below, in Minkowski space-time, the theory is completely equiv-
alent to standard QED. Let us emphasize that we are assuming that the
inclusion of the gauge-fixing term is not a mathematical trick in order to
quantize an otherwise gauge-invariant theory, but that such a term is an
essential part of a gauge non-invariant electromagnetic theory. Since the
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fundamental electromagnetic theory is assumed non-invariant under ar-
bitrary gauge transformations, then there is no need to impose the Lorenz
constraint in the quantization procedure. Therefore, having removed one
constraint, the theory contains one additional degree of freedom. Nat-
urally, the proposed modification of standard electromagnetism might
have potential problems such as charge non-conservation, modification
of usual Maxwell equations, introduction of unobserved extra polariza-
tions or modification of interactions with charged fields. However, as we
shall show later, none of these problems are actually present.

The general solution for the modified equations (6.8) can be written
as:

Aµ = A(1)
µ +A(2)

µ +A(s)
µ + ∂µθ (6.16)

where A(i)
µ with i = 1, 2 are the two transverse modes of the massless

photon, A(s)
µ is a new scalar state that represents the mode that would

have been eliminated if we had imposed the Lorenz condition and, finally,
∂µθ is a purely residual gauge mode, which can be eliminated by means
of a residual gauge transformation in the asymptotically free regions, in
a completely analogous way to the elimination of the A0 component in
the Coulomb gauge.

In order to quantize the free theory, we perform the mode expansion
of the field with the corresponding creation and annihilation operators
for the three physical states:

Aµ =
∫

d3~k ∑
λ=1,2,s

[
aλ(k)A(λ)

µk + a†
λ(k)A(λ

µk)
]

(6.17)

where the modes are required to be orthonormal with respect to the scalar
product (see for instance [143]):

(
A(λ)

k ,A(λ′)
k′

)
= i

∫

Σ
dΣµ

[
A(λ)

νk Π(λ′)µν
k′ −Π(λ)µν

k A(λ′)
νk′

]

= δλλ′δ
(3)(~k−~k′), λ, λ′ = 1, 2, s (6.18)

where dΣµ is the three-volume element of the Cauchy hypersurfaces. In a
Robertson-Walker metric in conformal time, it reads dΣµ = a4(η)(d3x, 0, 0, 0).
The generalized conjugate momenta are defined as:

Πµν = −(Fµν − ξgµν∇ρ Aρ) (6.19)
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Notice that the three modes can be chosen to have positive normalization.
The equal-time commutation relations:

[Aµ(η,~x),Aν(η,~x ′)
]

=
[
Π0µ(η,~x), Π0ν(η,~x,′ )

]
= 0 (6.20)

and

[
Aµ(η,~x), Π0ν(η,~x ′)

]
= i

δ ν
µ√
g

δ(3)(~x−~x ′) (6.21)

can be seen to imply the canonical commutation relations
[
aλ(~k), a†

λ′(~k′)
]

= δλλ′δ
(3)(~k− ~k′), λ, λ′ = 1, 2, s (6.22)

by means of the normalization condition in (6.18). Notice that the sign of
the commutators is positive for the three physical states, i.e. there are no
negative norm states in the theory, which in turn guarantees that there
are no negative energy states as we will see below in an explicit example.

Since ∇µAµ evolves as a minimally coupled scalar field, as shown in
(6.9), on sub-Hubble scales (|kη| À 1), we find that for arbitrary back-
ground evolution, |∇µA(s)µ

k | ∝ a−1, i.e. the field is suppressed by the
universe expansion, thus effectively recovering the Lorenz condition on
small scales. Notice that this is a consequence of the cosmological evolu-
tion, not being imposed as a boundary condition as in the flat space-time
case.

On the other hand, on super-Hubble scales (|kη| ¿ 1), |∇µA(s)µ
k | =

const. which implies that the field contributes as a cosmological constant
in (6.7). Indeed, the energy-momentum tensor derived from (6.7) reads:

Tµν = −FµαF α
ν +

1
4

gµνFαβFαβ

+
ξ

2

[
gµν

[
(∇α Aα)2 + 2Aα∇α

(
∇β Aβ

)]
− 4A(µ∇ν) (∇α Aα)

]
(6.23)

Notice that for the scalar electromagnetic mode in the super-Hubble limit,
the contributions involving Fµν vanish and only the piece proportional to
ξ is relevant. Thus, it can be easily seen that, since in this case ∇α Aα =
constant, the energy-momentum tensor is just given by:

Tµν =
ξ

2
gµν(∇α Aα)2 (6.24)
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which is the energy-momentum tensor of a cosmological constant and
whose value is given by the four-divergence of the electromagnetic field.
Notice that, as seen in (6.9), the new scalar mode is a massless free field.
This is one of the most relevant aspects of the present model in which,
unlike existing dark energy theories based on scalar fields, dark energy
can be generated without including any potential term or dimensional
constant.

Since, as shown above, the field amplitude remains frozen on super-
Hubble scales and starts decaying once the mode enters the horizon in
the radiation or matter eras, the effect of the ξ term in (6.8) is completely
negligible on sub-Hubble scales, since the initial amplitude generated
during inflation is very small as we will show below. Thus, below 1.3
AU, which is the largest distance scale at which electromagnetism has
been tested [140], the modified Maxwell’s equations (6.8) are physically
indistinguishable from the flat space-time ones (6.2).

Notice that in Minkowski space-time, the theory (6.7) is completely
equivalent to standard QED. This is so because, although non-gauge in-
variant, the corresponding effective action is equivalent to the standard
BRS invariant effective action of QED. Thus, the effective action for QED
obtained from (6.2) by the standard gauge-fixing procedure reads:

eiW =
∫

[dA][dc][dc̄][dψ][dψ̄]ei
∫

d4x
(
− 1

4 FµνFµν+ ξ
2 (∂µ Aµ)2+ηµν∂µ c̄ ∂νc+LF

)
(6.25)

where LF is the Lagrangian density of charged fermions. The ξ term and
the ghosts field appear in the Faddeev-Popov procedure when selecting
an element of each gauge orbit. However, ghosts being decoupled from
the electromagnetic currents can be integrated out in flat space-time, so
that up to an irrelevant normalization constant we find:

eiW =
∫

[dA][dψ][dψ̄]ei
∫

d4x
(
− 1

4 FµνFµν+ ξ
2 (∂µ Aµ)2+LF

)
(6.26)

which is nothing but the effective action coming from the gauge non-
invariant theory (6.7) in flat space-time, in which no gauge-fixing proce-
dure is required. Hence, the aforementioned potential problems related
to charge conservation and charged fermions interactions are evaded be-
cause the effective actions are exactly the same in both cases. To summa-
rize:

• Ordinary Maxwell’s equations are recovered on those small scales
in which electromagnetism has been tested.
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• Electric charge is conserved since only the gauge electromagnetic
sector is modified but not the sector of charged particles which pre-
serves its gauge symmetry.

• The new state only couples gravitationally and evades laboratory
detection.

• The new state has positive norm (energy).

• The effective action is completely equivalent to standard QED in
the flat space-time limit. This guarantees, not only that the standard
phenomenology is recovered, but also that no new interaction terms
will appear in the renormalization procedure.

6.5 Quantum fluctuations during inflation

Let us consider an explicit example which is given by the quantization in
an inflationary de Sitter spacetime with a(η) = −1/(HIη), with HI the
constant Hubble parameter during inflation. The explicit solution in the
case ξ = 1/3 for the normalized scalar state is:

A(s)
0k =

−1
(2π)3/2

i√
2k

{
kηe−ikη +

1
kη

[
1
2
(1 + ikη)e−ikη − k2η2eikηE1(2ikη)

]}
ei~k~x

A(s)
‖k =

1
(2π)3/2

1√
2k

{
(1 + ikη)e−ikη −

[
3
2

e−ikη + (1− ikη)eikηE1(2ikη)
]}

ei~k~x

(6.27)

where E1(x) =
∫ ∞

1 e−tx/tdt is the exponential integral function. Using
this solution, we find:

∇µA(s)µ
k = − a−2(η)

(2π)3/2
ik√
2k

3
2

(1 + ikη)
k2η2 e−ikη+i~k~x (6.28)

so that the field is suppressed in the sub-Hubble limit as ∇µA(s)µ
k ∼

O((kη)−2) and the Maxwell equations are recovered on small scales, as
commented before.

On the other hand, from the energy density given by ρA = T0
0, we

obtain in the sub-Hubble limit the corresponding Hamiltonian, which is
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given by:

H =
1
2

∫ d3~k
a4(η)

k ∑
λ=1,2,s

[
a†

λ(~k)aλ(~k) + aλ(~k)a†
λ(~k)

]
. (6.29)

We see that the theory does not contain negative energy states (ghosts).
In fact, as shown in Chapter 4, the theory does not exhibit either local
gravity inconsistencies or classical instabilities.

Also, from (6.27) it is possible to obtain the dispersion of the effective
cosmological constant during inflation:

〈0|(∇µAµ)2|0〉 =
∫ dk

k
PA(k) (6.30)

with PA(k) = 4πk3|∇µA(s)µ
k |2. In the super-Hubble limit, we obtain for

the power-spectrum:

PA(k) =
9H4

I
16π2 . (6.31)

Notice that this result implies that ρA ∼ (HI)4. The measured value of
the cosmological constant then requires HI ∼ 10−3 eV, which corresponds
to an inflationary scale of MI ∼ 1 TeV. Thus we see that the cosmologi-
cal constant scale can be naturally explained in terms of physics at the
electroweak scale.

In the case of quasi-de Sitter slow-roll inflation, the Hubble parameter
reads H = −1/((1− ε)η), where the slow-roll parameter is defined as
ε = 1/(16πG)(V′/V)2 ¿ 1, with V the inflaton potential. Following the
same steps as before, we obtain the power spectrum for the comoving
field A0 = aA0 on super-Hubble scales:

PA0(k) ≡ k3

2π2 〈|A0k|2〉 =
H2

I
16π2

[
k

aHI

]nA0
(6.32)

which is almost scale-invariant (as in the scalar field case) since for the
electromagnetic spectral index we obtain nA0 = −4ε. In a similar way it is
possible to obtain the primordial power spectrum of longitudinal modes
on super-Hubble scales:

PA‖(k) =
k2

16π2ε2

[
k

aHI

]−4ε

(6.33)
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If we now compare the power spectra for the conformal fields A0 and A‖
we find that:

PA‖(k)

PA0(k)
=

1
ε2

(
k

aHI

)2

(6.34)

which is negligible on super-Hubble scales, and allows us to safely ignore
the longitudinal modes on such scales after inflation. This also indicates
that the effective cosmological constant will be essentially given by the
temporal component of the scalar mode.

Notice that since ε > 0, PA0(k) is a red-tilted spectrum which means
that the contribution to 〈A2

0〉 from long wavelengths dominates over small
scales. In particular, provided inflation lasted for a sufficiently large num-
ber of e-folds, this allows to decompose the fluctuations field at any
given time into a large homogeneous contribution (with scales k < H)
and a small inhomogeneous perturbation (k > H), and therefore we can
use standard perturbation theory around the homogeneous background.
Thus, for the homogeneous part we get:

〈A2
0〉hom =

∫ k∗

kmin

dk
k
PA0(k) ' H2

I
e−nA0 Ñ

16π2|nA0 |
(6.35)

where k∗ <∼ H0, Ñ = Ntot − N0 and kmin = e−Ñ H0 is set by the Hubble
horizon at the beginning of inflation [148]. Here Ntot is the total number
of e-folds of inflation which should not be confused with N0 which is
the number of e-folds since the time when the scale H−1

0 left the horizon.
Typical values for N0 are around 50, whereas generically there is no upper
limit to Ntot. Thus as expected, up to tilt corrections, HI sets the scale for
the field dispersion.

6.6 Cosmological evolution

In this Section we shall study the cosmological evolution of the homo-
geneous part (zero mode) for the proposed theory of electromagnetism
which will be nothing but the application of the results obtained in Chap-
ter 3 to the present case. In order to do that, we need to consider the
Einstein equations in addition to the equations of motion for the vector
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field so that we have the set of equations

Rµν − 1
2

Rgµν = 8πG
(

Tµν + TA
µν

)
(6.36)

∇νFµν + ξ∇µ∇ν Aν = 0 (6.37)

where Tµν is the energy-momentum tensor for matter and radiation and
TA

µν is the energy-momentum tensor of the electromagnetic field. Now,
we shall consider a spatially flat FLRW universe whose metric is given by
(1.5) with k = 0. In this Section we will be using cosmic time instead of
conformal time, being the corresponding components of the vector field
related by A0 = aA0 and ~A = ~A. In this spacetime, equations (6.37) read:

Ä0 + 3HȦ0 + 3ḢA0 = 0 (6.38)
~̈A + H ~̇A = 0. (6.39)

Notice that (6.38) implies that the gauge-fixing term exactly behaves as a
cosmological constant throughout the history of the universe irrespective
of the background evolution. Indeed, for homogeneous fields we have:

d
dt

(∇µ Aµ) =
d
dt

(Ȧ0 + 3HA0) = 0 (6.40)

confirming that the gauge-fixing term acts as an effective cosmological
constant on super-Hubble scales in a FLRW universe, as we had already
deduced from the fact ∇µ Aµ behaves as a scalar field and, hence, it is
constant on such scales.

We can solve (6.38) and (6.39) during the radiation and matter dom-
inated epochs when the Hubble parameter is given by H = p/t with
p = 1/2 for radiation and p = 2/3 for matter. In such a case the solutions
for (6.39) are:

A0(t) = A+
0 t + A−0 t−3p (6.41)

~A(t) = ~A+t1−p + ~A− (6.42)

where A±0 and ~A± are constants of integration. Hence, the growing mode
of the temporal component does not depend on the epoch being always
proportional to the cosmic time t, whereas the growing mode of the spa-
tial component evolves as t1/2 during radiation and as t1/3 during matter,
i.e. at late times the temporal component will dominate over the spatial
ones.
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On the other hand, the Friedmann equation adopts the following
form:

H2 =
8πG

3

[
∑

α=R,M
ρα + ρA0 + ρ~A

]
(6.43)

where R, M stands for radiation and matter respectively and the energy
densities of the temporal and spatial parts of the electromagnetic field are
given by:

ρA0 = ξ

(
9
2

H2A2
0 + 3HA0Ȧ0 +

1
2

Ȧ2
0

)
(6.44)

ρ~A =
1

2a2 ( ~̇A)2 (6.45)

Notice that we need ξ > 0 in order to have positive energy density for
A0. Besides, when inserting the solutions (6.41) and (6.42) into these ex-
pressions we obtain that ρA0 = ρ0

A0
, ρ~A = ρ0

~A
a−4, as we expected from

our previous results. Thus, once again we have that the electromagnetic
field behaves as a cosmological constant throughout the evolution of the
universe since its temporal component gives rise to a constant energy
density whereas the energy density corresponding to ~A always decays
as radiation. Moreover, this fact together with our result that the initial
amplitude of the longitudinal component generated during inflation is
strongly suppressed with respect to the temporal one, as shown in (6.34),
prevents the generation of too large anisotropies which could be in con-
flict with CMB measurements. Finally, when the universe is dominated
by the effective cosmological constant arising from the gauge-fixing term,
both the Hubble parameter and A0 become constant leading therefore to
a future de Sitter universe.

Finally, it is straightforward to show that the value of ∇µ Aµ giving rise
to the effective cosmological constant on large scales is not affected by the
high conductivity of the universe. The effects of conductivity can be taken
into account by introducing the corresponding conserved current on the
r.h.s. of Maxwell equations. However as shown in (6.9), the field ∇µ Aµ

behaves as a free scalar field so that it is constant on super-Hubbles scales
independently of the presence of external conserved currents.
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6.7 Perturbations

In this Section we shall derive the equations for the perturbations and
solve them analytically for some simple cases. We shall do the calcula-
tions in the conformal Newtonian gauge, although we shall also give the
corresponding expressions for the synchronous gauge which will be nec-
essary in order to modify the publicly available numerical CAMB code
[149]. Moreover, it will be convenient to introduce a redefinition of the
vector field as Â0 = a2A0 so that the field equation and the energy den-
sity look much simpler:

(
a−4Â′0

)′
= 0 (6.46)

ρA0 =
1

6a8 (Â′0)2 (6.47)

and we clearly see that the energy density is constant.

We only consider the case of scalar perturbations because we have
checked that the vector perturbations evolve in the same way as in stan-
dard Maxwell theory and the tensor perturbations remain unaffected by
the presence of the gauge fixing term as well. One might expect this
because the gauge fixing term only affects the new scalar mode which,
being scalar, can contribute to the scalar perturbations, but not to the pure
transverse vector perturbations (i.e., the usual photons). We shall do the
calculations of this Section in the conformal Newtonian gauge, although
we shall give the corresponding expressions for the synchronous gauge
as well because we will need them later on.

In principle, as commented above, the effect of the high-electric con-
ductivity of the universe should be taken into account including the corre-
sponding electromagnetic current in the r.h.s of Maxwell equations. The
reason why we can neglect such effects also in the presence of pertur-
bations is the following. The electromagnetic current should satisfy the
conservation equation:

∇µ Jµ = 0 (6.48)

and also the condition of electric neutrality, i.e.

uµ Jµ = 0 (6.49)
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with uµ the four-velocity of the comoving observers. Let us expand also
the current up to first order as:

Jµ = J0
µ + δJµ (6.50)

but J0
µ = 0 for the homogeneous and isotropic electrically neutral back-

ground (this is the reason why we did not consider the current term in
the background equations). If we now assume that the universe remains
neutral at first order in the perturbations we have that δJ0 = 0 and, finally,
from current conservation, we get: ~∇ · ~δJ = 0, i.e. the perturbed current
is transverse. In other words, when computing scalar perturbations, we
can ignore the effect of electric conductivity by assuming that the electric
charge vanishes at first order as well.

In the newtonian gauge, the perturbed line element is given by:

ds2 = a(η)2
[
(1 + 2ψ)dη2 − (1− 2φ)δijdxidxj

]
(6.51)

In the absence of any anisotropic stress sources we have φ = ψ. In or-
der to simplify the expressions we will use latter, we define the scalar
perturbation of the vector field in an analogous manner to that of the
background field with a factor a2:

δAµ = a−2(δÂ0,∇Â) (6.52)

As usual, we shall introduce the Fourier components of the perturbations
and solve the corresponding equations for them. Then, from the modified
Maxwell equations we can obtain the following equations for the Fourier
modes of the vector field perturbations:

δÂ′′0k − 4HδÂ′0k − 3k2δÂ0k =

2k2 (
5HδÂk − 2δÂ′k

)
+

[(
ψ′′k − 4Hψ′k + 3φ′′k − 12Hφ′k

) Â0 + 3(ψ′k + φ′k)Â′0
]

,
(6.53)

δÂ′′k − 4HδÂ′k +
(

4H2 − 2H′ − 1
3

k2
)

δÂk =

2
(

2
3

δÂ′0k −HδÂ0k

)
−

[(
1
3

ψ′k + φ′k

)
Â0 +

2
3

ψkÂ′0
]

. (6.54)

In these equations we can see that the two perturbations of the vector
field are coupled to each other and that the metric perturbations act as a
source of them. Then, even in the case that the initial perturbations vanish
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the gravitational potentials will generate perturbations of the vector field
that, eventually, may also be source of the metric perturbations.

On the other hand, the corresponding perturbed energy-momentum
tensor components are given by:

δT0
0 =

1
3a8

{
[−2ψkÂ′0 + δÂ′0k − (3φ′k + ψ′k)Â0]Â′0

+k2 [
(3δÂ′k − 6HδÂk − 3δÂ0k)Â0 + δÂkÂ′0

]}
,

δTi
j =

1
3a8

{
[−2ψkÂ′0 + δÂ′0k − (3φ′k + ψ′k)Â0]Â′0

+k2 [
(−3δÂ′k + 6HδÂk + 3δÂ0k)Â0 + δÂkÂ′0

]}
δi

j,

δT0
i = − iki

3a8 Â0

[
−(3φ′k + ψ′k)Â0 − 2ψkÂ′0 + δÂ′0k + k2δÂk

]
.(6.55)

It is interesting to note that this model has vanishing shear, i.e., δTi
j =

−δpk δi
j. This is due to there being only one physical scalar mode present.

Moreover, from expressions (6.55) one can find the following relation be-
tween the perturbed energy density and pressure of the field:

δ(ρk + pk) = −2Â0k2

a8

(
δÂ0k − δÂ′k + 2HδÂk

)
. (6.56)

This relation is important because for a gauge mode satisfying δAµ =
a−2δÂµ = ∂µχ (remember here the definition of the perturbations given
in (6.52)) one has that δÂ0 = δÂ′ + 2HδÂ and, as a consequence, δ(ρk +
pk) = 0.

In the following we shall derive the equations of the perturbations
and all the other expressions in the synchronous gauge, for which the
perturbed line element is:

ds2 = a(η)2
[
dη2 − (δij + hij)dxidxj

]
. (6.57)

The scalar modes of the perturbation are usually expressed in terms of
the scalar functions hk and ηk

3 defined by means of [150]:

h(s)
ij =

∫
d3k

[
kik j

k2 hk(η) +
(

kik j

k2 − 1
3

δij

)
6ηk(η)

]
ei~k·~x. (6.58)

3The metric perturbation ηk should not be confused with conformal time η
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To go from one gauge to another we perform a coordinate transformation
given by:

x̂µ = xµ + ζµ. (6.59)

Since we are considering only scalar perturbations we can set ζµ = (α, ~∇β).
The relation between the scalar metric perturbations in both gauges is as
follows [150]:

ψk =
1

2k2

[
h′′k + 6η′′k +H(h′k + 6η′k)

]
(6.60)

φk = ηk − 1
2k2H(h′k + 6η′k) (6.61)

with αk = β′k and

βk = − 1
2k2 (hk + 6ηk). (6.62)

The transformation for the vector field Aµ and its energy-momentum
tensor are given in terms of the Lie derivative L by δζAµ = −LζAµ and
δζ Tµ

ν = −Lζ Tµ
ν respectively. From these transformation laws we obtain

for the vector field

δζA0 = −(αA0)′ (6.63)
δζAi = −∂iαA0 (6.64)

so that the perturbations δÂ0 and δÂ in both gauges relate as:

δÂcon f
0 = δÂsyn

0 + (αÂ0)′ − 2HαÂ0,

Acon f = Asyn + αÂ0. (6.65)

These relations show that the combination δÂ0 − A + 2HA0 is gauge-
invariant (in the sense of cosmological perturbations).

On the other hand, for the energy-momentum tensor we obtain:

δζ T0
0 = −α T0

0,0 (6.66)

δζ Ti
j = −α Ti

j,0 (6.67)

δζ T0
i = −

(
T0

0 −
1
3

T j
j

)
∂iα (6.68)

It is very interesting to note that, given that the background evolution of
the vector field is the same as that of a cosmological constant we have that
both the unperturbed energy density and pressure are constant and they
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satisfy ρ + p = 0 so that the energy momentum tensor remains invariant
after the gauge transformation. In fact, this is what one would expect
from Stewart-Walker lemma [151]. Notice also that due to the gauge
invariance of the energy momentum tensor the results obtained in the
conformal gauge are also valid for the synchronous gauge.

The perturbed equations for the vector field in the synchronous gauge
are:

δÂ′′0k − 4HδÂ′0k − 3k2δÂ0k =

− 2k2 (
2δÂ′k − 5HδÂk

)− 1
2

[
(h′′k − 4Hh′k)Â0 + h′kÂ′0

]
(6.69)

δÂ′′k − 4HδÂ′k +
(

4H2 − 2H′ − 1
3

k2
)

δÂk = 2
(

2
3

δÂ′0k −HδÂ0k

)
+

1
6

h′kÂ0

(6.70)

and the perturbed energy-momentum components in the synchronous
gauge are:

δT0
0 =

1
6a8

{(
2δÂ′0k + Â0h′k

) Â′0
+2k2 [

(−3δÂ0k + 3δÂ′k − 6HδÂk)Â0 + Â′0δÂk
]}

,

δTi
j =

1
6a8

{(
2δÂ′0k + Â0h′k

) Â′0
+2k2 [

3δÂ0k − 3δÂ′k + 6HδÂk)Â0 + Â′0δÂk
]}

δi
j,

δT0
i =− iki

6a8 Â0

[
h′kÂ0 + 2δÂ′0k + 2k2δÂk

]
. (6.71)

Condition (6.56) remains the same in this case:

δ(ρk + pk) = −2Â0k2

a8

(
δÂ0k − δÂ′k + 2HδÂk

)
(6.72)

which is just a consequence of the aforementioned fact that the combina-
tion δÂ0 − δÂ′ + 2HδÂ does not depend on the gauge choice.



6.7 Perturbations 177

6.7.1 Evolution during radiation and matter dominated eras

In order to obtain some analytical results, in the following we shall con-
sider that the metric perturbations are generated by some dominating
fluid and study the evolution of the electromagnetic perturbations in such
a scenario. In other words, we shall assume that the perturbations of the
electromagnetic field will not affect the metric perturbations evolution.
This assumption is justified as long as the electromagnetic energy density
is clearly subdominant as it happens in most of the universe evolution
when the energy density associated to the electromagnetic field is many
orders of magnitude below that of the dominant component. However,
such a condition will eventually breakdown at low redshift when dark
energy becomes dominant and the results obtained here lack validity, be-
ing necessary to resort to a numerical treatment. In the early universe
when radiation represents the dominant contribution to the energy den-
sity of the universe and neglecting neutrinos shear (which implies that
ψ = φ) the metric perturbation evolves as [131]:

φk =
C1k[ωη cos(ωη)− sin(ωη)] + C2k[ωη sin(ωη) + cos(ωη)]

η3 (6.73)

with ω = k/
√

3. On the other hand, in a matter dominated universe, the
gravitational potential becomes constant in time, i.e., φk = const. Then,
we can solve the equations (6.54) in the presence of the gravitational per-
turbations produced by a radiation or matter fluid and obtain the evo-
lution of the vector field perturbations in those epochs. The results are
shown in Fig. 6.2. We can see that, on super-Hubble scales, the pertur-
bation δÂ0 evolves in the same way as the background vector field so
that δÂ0/A0 = const as one would expect. This also implies that the
perturbed energy density is constant on large-scales as we can see in the
figure. Moreover, this feature does not depend on the dominating fluid,
i.e., it happens for both the radiation and matter eras. On small scales, the
perturbed energy density evolves with constant amplitude when the uni-
verse is dominated by radiation whereas the amplitude decays as 1/η in
the matter era. Notice that this behavior on small scales is a common fea-
ture for all the perturbed components of the energy-momentum tensor,
i.e., the energy, the pressure and the scalar component of the momentum.
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We shall obtain the explicit evolution for the electromagnetic perturba-
tions during the matter-dominated era, when most of the cosmologically
relevant scales reenter the horizon. In that epoch, the gravitational po-
tential is constant as we said above so that φk = ψk = φ0 and the Hubble
parameter satisfies H′ = − 1

2H2. With these conditions, we can obtain the
following expression for δÂ in terms of δÂ0 and φ0:

δÂk =
−3
4k2

[
δÂ′′′0k −

11
2
HδÂ′′0k +

(
7
3

k2 − 8H2
)

δÂ′0k −
7
2
Hk2δÂ0k − 8

3
Â′0φ0

]
.

(6.74)

This relation allows to find the following fourth-order differential equa-
tion for δÂ0k:

δÂiv
0k − 8HδÂ′′′0k + 2

(
k2 − 49

4
H2

)
δÂ′′0k − 8H2

(
k +

7
2
H

)
δÂ′0k

+k2
(

k2 +
21
2
H2

)
δÂ0k = 4k2HÂ′0φ0. (6.75)

This equation together with the relation (6.74) determine the evolution of
the electromagnetic perturbations in a matter dominated universe. It is
convenient to remind here the assumptions under which such equations
remain valid. In order to obtain those equations we have assumed that
the metric perturbations act as an external source for the electromagnetic
perturbations and that this external source is uniquely determined by the
matter fluid. This means that the contribution of the electromagnetic field
to the perturbed Einstein equations are negligible with respect to that of
the matter component, which is a good approximation as long as the elec-
tromagnetic field energy density is well below the matter energy density.
However, this condition eventually breakdowns because the electromag-
netic field becomes dominant and it contributes in a non-negligible way to
the Einstein equations so that the metric perturbations becomes affected
by the electromagnetic field perturbations and the full system of coupled
equations must be solved.

In order to solve eq. (6.75), we shall take advantage of the residual
gauge symmetry of the theory, namely, Aµ → Aµ + ∂µθ with ¤θ = 0.
From this symmetry, we know that δÂ0 = a2θ′ will be solution of (6.75)
so that we can factorize it as F [G(δÂ0)] = 4k2HÂ′0φ0, where F is a sec-
ond order differential operator and G is the operator determining the
evolution of a2θ′ which can be deduced from the equation satisfied for θ

and turns out to be G = d2

dη2 − 2H d
dη + k2. Therefore, the equation (6.75)
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Figure 6.2: In these figures we show the evolution of the vector field pertur-
bations in the Newtonian gauge for radiation (upper panel) and matter (lower
panel) dominated universes. In the left panels we show the evolution of the vec-
tor field perturbations δÂ0/Â0 (solid-blue) and kδÂ/Â0 (dashed-red). The right
panels show the perturbed energy density δT0

0 (solid), pressure − 1
3 δTi

i (dotted)
and momentum − 1

ik2 kiδT0
i (dashed).
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can be expressed as:
[

d2

dη2 − 6H d
dη

+
(

k2 +
21
2
H2

)] [
d2

dη2 − 2H d
dη

+ k2
]

δÂ0k = 4k2HÂ′0φ0.

(6.76)
Thus, the solution for δÂ0 will be determined by the equation G(δÂ0) = S
with S the solution of the equation F (S) = 4k2HÂ′0φ0. Since H = 2

η in the
matter era, we can obtain the explicit form of the kernel of F (solutions
of the homogeneous equation) and is given by:

Shom(η) = η6
(

CS1e−ikη + CS2eikη
)

(6.77)

whereas a particular solution can be obtained by:

Spart = S1

∫ S2

det WS
4k2HA′0φ0dη − S2

∫ S1

det WS
4k2HA′0φ0dη (6.78)

where S1 and S2 are the two independent solutions given above and
det WS = S′1S2 − S′2S1 = 2ikη12CS1CS2 is the determinant of the Wron-
skian. Following the same procedure, we obtain the kernel of G

δÂhom
0 (η) = C1

(
k2η2 − 3ikη − 3

)
e−ikη + C2(k2η2 + 3ikη − 3)eikη (6.79)

whereas the particular solution is

δÂpart
0 = δÂ0,C1

∫
δÂ0,C2

det WC
S(η)dη − δÂ0,C2

∫
δÂ0,C1

det WC
S(η)dη (6.80)

with det WC = 2ik5η4C1C2. The homogeneous solution corresponds to the
pure gauge degree of freedom and it does not contribute to the perturbed
energy density, whereas the particular solution gives rise to the oscillating
behavior with an amplitude decaying as η−1 for small scales shown in Fig.
6.2.

We would like to remark that the procedure followed in order to solve
the equations for a matter dominated universe is completely general and
can be applied in any other situation where the metric perturbations is
originated by some other component.

6.7.2 Evolution of the perturbations

In this Section we shall present the results we obtain by modifying the
publicly available CAMB code [149] to compute the CMB power spectrum
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when electromagnetic perturbations are taken into account. Since the
background of the electromagnetic model is the same as that of ΛCDM,
we do not need to modify the background equations of the code, al-
though we do have to add the evolution equation for Â0. We use the
first order equation (6.47) so that we can relate the background electro-
magnetic field directly to the present value of its density parameter. The
initial condition for this equation is unimportant for the background evo-
lution, although it becomes relevant for the perturbations and it is set by
assuming a power law behavior for Â0. For the perturbation equations,
we add the two evolution equations for the electromagnetic perturba-
tions given by (6.70) and modify the corresponding terms involving dark
energy perturbations. With these modifications, the code is ready to com-
pute the evolution of the perturbations in the cosmology corresponding
to the electromagnetic model and, thus, obtain the CMB power spectrum
as well as the matter power spectrum.

Before proceeding to show the obtained results, we shall discuss what
the initial conditions for the electromagnetic field perturbations should
be. A natural origin for the presence of the new mode of the electro-
magnetic field on cosmological scales has been proved to be the quantum
fluctuations of such a mode during an inflationary epoch. In such a sce-
nario, only the new scalar mode can be excited because of the conformal
invariance of the usual transverse modes. The "homogeneous part" of this
scalar mode, defined as the sum of all the modes which remain super-
Hubble today, gives rise to the effective cosmological constant whereas
the modes which have already reentered into the horizon constitute the
origin of the electromagnetic perturbations discussed in the present Sec-
tion. In other words, we can split the primordial quantum fluctuations of
the scalar mode generated during inflation in a homogeneous part com-
prising all the modes with k < k0 (being k0 the scale that is entering into
the horizon today, i.e., the present Hubble radius) and an inhomogeneous
part formed by those modes with k > k0. Notice that such a split can be
performed because the primordial power spectrum for the scalar mode
is red-tilted, as shown in the previous Sections, so that the homogeneous
part is large as compared to the inhomogeneous one and this enable us to
treat the latter as a perturbation. For the mentioned scalar mode, one can
see that the longitudinal component decays with respect to the tempo-
ral component on super-Hubble scales for a de-Sitter inflationary epoch
(in an analogous manner to that shown for the background evolution) so
that, at the end of inflation, the amplitude of the longitudinal component
would be expected to be much smaller than the temporal one. Moreover,
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we have already shown that the longitudinal components also decay with
respect to the temporal one in the radiation dominated epoch so that
the super-Hubble modes would be expected to be strongly suppressed
at the time when the initial conditions are given, which justifies setting
the initial condition for δÂk to zero. On the other hand, the power spec-
trum of the quantum fluctuations generated during a de Sitter inflation
for the temporal component happens to be scale-invariant 4 so that we
can set the initial condition for δÂ0k as δÂ0k(τini) = A k−3/2 with A a
constant depending on the details of the inflationary epoch such as the
initial amplitude of the power spectrum after inflation or the duration of
inflation. For our purposes in this Section, this constant A will play the
role of a free parameter to be constrained by comparing the CMB power
spectrum produced by the model to the WMAP data. In the same way
as for the background vector field, we shall give the initial condition for
the derivative of δÂ0k by assuming a power-law behavior. This is justified
because we know that this is the type of evolution for the perturbations
on super-Hubble scales, where the initial conditions are given.

In Fig. 6.3 and Fig. 6.4 we show the results obtained from the modi-
fied version of the CAMB code. The modifications in both the CMB and
matter power spectrum is originated thanks to the fact that, unlike in the
cosmological constant case, the electromagnetic dark energy model pro-
duces fluctuations that might modify the evolution of the gravitational
potential. In that figure, we can see that the small scales behavior is un-
affected with respect to the standard ΛCDM case. The reason for this
is that the electromagnetic perturbations decay very rapidly once they
enter into the horizon as we have shown in the previous section so that
only those electromagnetic modes whose scales have become sub-Hubble
very recently (corresponding to the low multipoles part of the spectrum)
can contribute in a non-negligible way to the metric perturbation evolu-
tion through Einstein equations. Moreover, since dark energy density is
negligible during decoupling, the contribution of electromagnetic pertur-
bations to the ordinary Sachs-Wolfe effect is also negligible. The main
effect will appear in the late-time Integrated Sachs-Wolfe (ISW) effect as
due to the evolution of the metric perturbation. The analytical estimate
of such an effect is difficult to obtain since it requires to know the time

4We should remind here that, in a more realistic quasi-de-Sitter inflationary epoch,
the power spectrum of the temporal component becomes slightly red-tilted with a spec-
tral index nA0 = O(ε) with ε the slow-roll parameter, as shown in (6.32) . However,
we shall neglect this small spectral index in order to set the initial conditions, being the
expected effect small.
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evolution of the metric perturbation when the electromagnetic pertur-
bations contribute in a non-negligible way to the Einstein equations, so
that the approximated solutions obtained in the previous section are no
longer valid. However, we can easily understand how the ISW effect will
be modified by noticing that those modes that have become sub-Hubble
very recently can still have an appreciable amplitude and, therefore, mod-
ify the late-time evolution of the gravitational potentials, which gives rise
to a modification of the ISW, but only for low redshift so that the early
ISW remains unaffected. Moreover, if the corresponding mode crosses the
horizon with a too large amplitude, the modification in the gravitational
potentials evolutions might be excessively large and, thus, conflict with
observations. This is the reason why on large scales we obtain some dis-
tinctive signatures for large enough values of the primordial amplitude
A. Notice that such signatures are more apparent in the matter power
spectrum.

Instead of giving the constraints in terms of the parameter A we shall
give the results in terms of the more physical quantity δA defined as:

δA ≡
P1/2

k
ρA0

. (6.81)

with Pk = k3

2π2 | δρk|2 the power spectrum of the electromagnetic energy
density perturbations. Hence, the magnitude δA gives the amplitude of
the energy density fluctuations of the electromagnetic field at a given
scale k relative to the homogeneous contribution. Since δρk and ρA0
evolve in the same way on super-Hubble scales, the quantity δA does
not depend on time as long as the corresponding mode remains super-
Hubble. Notice also that δρk contains two types of contributions, namely:
one proportional to the metric perturbation and other proportional to
the electromagnetic perturbation. Thus, in the case when the compo-
nent proportional to the electromagnetic perturbation becomes dominant,
the quantity δA becomes scale-invariant on super-Hubble scales because
δρk ∝ δÂ0k and δÂ0k is proportional to k−3/2 due to the flatness of its
primordial power spectrum. However, if the metric perturbation contri-
bution is dominant δA will depend on the wave-number of the considered
mode. In any case, the upper bound that we shall obtain for δA will show
how large the primordial electromagnetic perturbations are allowed to be
in order to be compatible with CMB measurements. In particular, we ob-
tain that δA must satisfy the constraint δA <∼ 10−7 in order not to be in
conflict with the CMB quadrupole. In fact, the overall effect on the CMB
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Figure 6.3: In this figure we show the CMB power spectrum (left panel) and
the matter power spectrum (right panel) for both the electromagnetic dark en-
ergy model (dotted lines) and the standard ΛCDM model (solid lines). We have
plotted several cases with increasing values of the initial amplitude for the elec-
tromagnetic perturbations and we see that the only modifications appear for
large scales. In particular, the CMB quadrupole becomes excessive large, being
incompatible with WMAP data (green dots) for δA > 10−7 and the small k region
of the matter power spectrum becomes very different from that of ΛCDM.

power spectrum would be that the higher value of δA is, the more tilted
the lower multipoles part of the spectrum becomes. In fact, since the δρk
modes decay rapidly once they reenter into the horizon (as we already
commented above) the only important effect appears for the quadrupole
and, as a consequence, the bound on δA is actually a bound on such a
quantity at the quadrupole scale.

On the other hand, the upper bound obtained for δA can be linked to a
variation of the Hubble parameter in a quasi-de-Sitter inflationary epoch
where the Hubble parameter is not exactly constant but varies slightly.
To show such a link, we first have to notice that, as commented before,
the background energy density of the electromagnetic field is given by all
the modes whose scales are larger than the Hubble radius today, whereas
the perturbations correspond to modes whose scales are smaller than the
present Hubble radius. In other words, the background is given by the
modes that remain super-Hubble at the present epoch and the pertur-
bations correspond to those modes which have already entered into the
horizon. In the previous sections we have shown that the amplitude of
the electromagnetic field fluctuations (for the temporal component) at a
scale k is given by Hk, with Hk the Hubble parameter at the time when
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Figure 6.4: In this figure we show the evolution of the gravitational potentials
for large (k = 1.1 × 10−5 Mpc−1) and small (k = 5.8 × 10−3 Mpc−1) scales in
the left and right panels respectively. We also show the evolution in a ΛCDM
model (solid blue lines) for comparison. As commented in the main text, the
evolution for the small scales is exactly the same as in the case of a cosmological
constant. In the large scales case we see how the evolution can be very different
for large enough initial amplitudes of the electromagnetic perturbations. We
plot the electromagnetic model in dotted (red) lines and we see that the larger
the electromagnetic perturbations are, the more distinctive the evolution of the
gravitational potential is.

the scale k leaves the horizon. Now, let us notice that

δA ∼
H2

k A0δÂ0k

H2
I A2

0
∼

(
Hk
HI

)3

(6.82)

where HI is the Hubble parameter at the beginning of inflation. Then,
the constraint δA <∼ 10−7 implies that the Hubble parameter must have
reduced (at least) by a factor ∼ 200 since the beginning of inflation until
the time when the scale of the present Hubble radius (quadrupole scale)
left the horizon, i.e., Hk0

<∼ HI/200. Since the Hubble parameter is pro-
portional to the square of the inflation scale we also obtain that the scale
of inflation must reduce in a factor ∼ 15. Notice also that this fact re-
quires a red-tilted spectrum for inflation, i.e., the Hubble parameter must
decay throughout the inflationary epoch. Moreover, since δÂ0k ∼ Hk
(as we have already said) we have that the fluctuations of the temporal
component must satisfy:

δÂ0k
A0

<∼ 5× 10−3. (6.83)

Then, we conclude that the electromagnetic dark energy model is compat-
ible with current CMB and LSS unless very large electromagnetic initial
perturbations are generated during inflation.
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6.8 Conclusions and discussion

In the quantization of the electromagnetic field, either in the covariant or
in the path-integral formalism, one has to introduce a gauge-fixing term
in the action in order to be able to define a propagator for the photon.
The form of the gauge fixing term is unique in the sense that it is the
only one that does not require the introduction of additional scales in the
action and leads to linear equations of motion, although one may even
consider nonlinear terms. However, in order to recover Maxwell theory
one needs to impose some subsidiary (Lorenz) condition so that we end
up with the usual electromagnetic theory describing the two transverse
polarizations of the photon. This procedure is perfectly valid in a flat
spacetime, but when we try to apply it to an expanding universe we
have found that it becomes inconsistent because such a condition is vio-
lated by the superhorizon modes in the evolution of the system, although
it remains valid for small scales. For this reason, we have proposed a
quantization of the electromagnetic field without introducing the Lorenz
condition and assuming that the action with the gauge fixing term is the
fundamental action of electromagnetism and not just a mathematical trick
in order to be able to quantize the theory. In other words, we promote
the gauge-fixing term into a physical term which is included in the fun-
damental action and not introduced during the quantization procedure as
usually. This means that the electromagnetic theory contains a new scalar
mode in addition to the two transverse components of the photon. In flat
space, the usual predictions of electromagnetism are retained, whereas
a gravitational field may excite the new scalar degree of freedom of the
electromagnetic field, which now is not a gauge mode but has physical
consequences.

It is very remarkably the fact that the proposed action has exactly the
same form as the only vector-tensor theory with the same PPN parame-
ters as GR and that is free from instabilities, as we shown in Chapter 4.
Moreover, according to the results of Chapter 3, the cosmological evolu-
tion of such an action leads to the presence of an effective cosmological
constant, so that the new scalar mode introduced in the electromagnetic
theory could play the role of dark energy. We have computed the ini-
tial power spectrum for the electromagnetic scalar mode generated from
quantum fluctuations during an inflationary era and obtained that the
observed value of the cosmological constant can be achieved if inflation
occurred at the electroweak scales, which seems a quite physically mean-
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ingful scale. This result enables us to avoid naturalness problems and to
explain the value of the cosmological constant.

Although the homogeneous part of the gauge-fixing term behaves
as an effective cosmological constant, its internal dynamics implies that
there will be fluctuations, unlike in ΛCDM where the cosmological con-
stant is a true constant. We analyzed these fluctuations both analytically
and numerically. At superhorizon scales, the perturbations tend to freeze
to constant value, while after entering horizon, they decay exhibiting os-
cillations. As the cosmological constant begins to contribute more signif-
icantly to the energy density, the fluctuations of the field begin to affect
the gravitational potentials. Since this happens at recent times, the ef-
fects to the matter power spectrum is confined to large scales, and to the
CMB at low multipoles. However, depending on the initial amplitude
of the perturbations, which in turn depends on the details of inflation,
these effects might be detectable. In terms of the parameter (6.81) we find
δA <∼ 10−7 in order to avoid conflicts with observations. This implies
that the amplitude of fluctuations generated for the electromagnetic field
should be <∼ 5× 10−3. Moreover, this fact requires a reduction of the
scale of inflation in a factor (at least) ∼ 15 since the beginning of inflation
until the scale of the quadrupole crossed the horizon.

To sum up the results of this last Chapter, we have presented a modi-
fication of electromagnetism in which the observed value of the cosmolo-
gical constant arises naturally in an inflationary epoch at the electroweak
scale, linking that way two physically relevant scales. The resulting the-
ory passes all the Solar System tests because it has the same PPN param-
eters as GR and is free of both classical and quantum instabilities. Finally,
the evolution of the perturbations is in agreement with CMB and LSS
measurements, being the corresponding fits as good as those of ΛCDM.
Hence, we have shown that the true nature of dark energy can be estab-
lished without resorting to new physics by means of the electromagnetic
field.
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Final conclusions and prospects

Throughout this thesis we have studied possible vector properties of dark
energy from both phenomenological and theoretical points of view and
confronted our theoretical proposals to existing data.

The first approach to dark energy that we have adopted has been in-
tended to study the potential observational consequences of having a co-
herent dark energy flow on very large scales. The existence of such a
flow at decoupling time enables matter and radiation to acquire a rela-
tive motion that, indeed, might explain the anomalously high peculiar
velocities of galaxies on scales up to 300h−1 Mpc−1. Actually, we might
look at this argument the other way around and consider that the large
peculiar velocities could be signaling the existence of a coherent motion
of dark energy. Moreover, we have shown that these relative velocities
among all the components in the Universe generate a certain degree of
anisotropy so that the expansion of the Universe becomes axisymmetric
and a new contribution to the CMB anisotropies appears, mainly to the
CMB quadrupole. In fact, for some models (scaling and null dark energy)
this new contribution could help lowering the standard quadrupole con-
tribution generated during inflation to make it compatible with the ob-
served one. Also, allowing a relative motion for dark energy has shown
the non-viability of some models with a stiff phase, which had previously
been proposed as good candidates, because they are unstable against ve-
locity perturbations.

Even though the existence of a dark energy relative motion with re-
spect to the primordial plasma in the early Universe seems to be a real
possibility as long as dark energy interacted very weakly with the rest of
components of the Universe by that time, the actual situation is that the
origin of dark energy remains unspecified in most of the models. For that
reason, it would be interesting to study the constraints on the primordial
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dark energy flow from current observations. This might be done on phe-
nomenological grounds by considering general parameterizations for the
origin of such a primordial flow. Then, it seems worthwhile to pursue
further investigations of this fact and it could be the goal of future work.

Another interesting possibility arising in these moving dark energy
models is the generation of large scale magnetic fields. Such a genera-
tion follows from the fact that the dark energy flow at decoupling time
allows the presence of relative velocities between matter and radiation.
Thus, at reionization time, electrons and protons, having different masses,
can acquire relative velocities between them because of being differently
dragged by photons so that an effective net electric current might arise
from the relative motion of the charges and a magnetic field on large
scales could be generated.

The second approach considered in this thesis to deal with the dark
energy problem has been in the context of vector-tensor theories of grav-
ity. We have shown that one can easily achieve accelerated solutions for
a wide region of the parameter space and, in fact, these accelerated so-
lutions can be useful for realizing both an inflationary era and a dark
energy model. This is so because of the existence of attractors and re-
pellers in the phase map in which the expansion becomes accelerated.
Moreover, an interesting feature found for these models when we have a
matter component in addition to the vector field is that most of them con-
tain a transition from a matter dominated epoch to a phantom era. This
phantom era leads to a future Type III singularity in which the scale factor
takes a constant value, but H, the energy density and the pressure diverge
with w → −∞. For the discussed vector-tensor theories, we have found
that there are 6 particular models whose PPN parameters are identical to
those of GR so that they give the same small scales behavior. For such
models, we have analyzed the existence of instabilities at the classical and
quantum levels and found that both Maxwell and Maxwell supplemented
with a gauge-fixing term theories are free from instabilities.

These vector-tensor theories can help to alleviate or even solve some of
the fundamental problems in Modern Cosmology like the cosmological
constant problem or the coincidence problem. In fact, we have presented
a vector-tensor model in which an initial fraction of dark energy density
of order ∼ 10−6 in the early Universe, where it remains constant because
of having scaling properties, can give rise to a late-time accelerated phase
with a future Type III singularity. However, this model has to face some
problems related to the presence of instabilities which require some fur-
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ther work to be solved (if possible).

Finally, we have proposed a modified version of Maxwell electromag-
netism in which the gauge fixing term is promoted into a physical one
rather than being merely a mathematical trick to quantize the theory.
In fact, we have shown that the covariant approach for quantizing the
Maxwell action turns out to be inconsistent when considering curved
backgrounds. Our approach, however, introduces a new scalar degree
of freedom whose quantum fluctuations during an inflationary era oc-
curring at the electroweak scale give rise to an effective cosmological con-
stant with the correct value. Moreover, the perturbations of the model
accomplish the CMB anisotropies and large scale structures observations
as long as the primordial amplitude of the field is not excessively large.
A new mechanism for generating large scale magnetic fields might arise
from the modified version of electromagnetism on large scale that de-
serves further investigations in order to calculate their actual amplitude.

To conclude, the results contained in this thesis have shown that cos-
mological vector fields are compelling candidates for dark energy. Un-
like many of the existing proposals, they allow to explain the cosmic
acceleration without introducing new dimensional scales and avoiding
naturalness or fine-tuning problems. Moreover, the study of cosmologi-
cal electromagnetic fields has shown that, contrary to usual claims, the
true nature of dark energy could be established without resorting to new
phsyics. Next generations of satellites and experiments, which will pro-
vide extraordinarily accurate cosmological observations, will determine
the potential vector properties of dark energy.
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